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Our inspiration

The research of Mark Adler and Pierre van Moerbeke on orthogonal
polynomials and integrable systems

Our objective

To deepen the knowledge on the role of the Gauss factorization in the
interplay between orthogonal polynomials and integrable systems. Now,
with multivariate orthogonal polynomials

Where

Gerardo Araznibarreta and MM, Multivariate orthogonal polynomials and
integrable systems, arXiv:1409.0570 [math.CA]
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Multivariate measures and monomials

D independent real variables x D .x1; x2; : : : ; xD/
> 2 � � RD

varying in the domain �, a Borel measure d�.x/ 2 B.�/ and an
inner product hf; gi ´

R
� f .x/g.x/d�.x/

Multi-index ’ D .˛1; : : : ; ˛D/
> 2 ZD

C
of non-negative integers with

length j’j ´
PD
aD1 ˛a. We write x’ D x

˛1

1 � � � x
˛D

D and order the

monomials, x’ < x’0 , j’j < j’0j

For k 2 ZC introduce Œk�´ f’ 2 ZD
C
W j’j D kg and use the graded

lexicographic order and write

Œk� D
˚
’
.k/
1 ;’

.k/
2 ; : : : ;’

.k/

jŒk�j

	
with ’.k/a < ’

.k/
aC1:

Here jŒk�j D
��
D
k

��
D
�
DCk�1

k

�
is the cardinality of the set Œk�, i.e., the

number of elements in the set
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M. Mañas et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 6 / 63



Multivariate measures and monomials

D independent real variables x D .x1; x2; : : : ; xD/
> 2 � � RD

varying in the domain �, a Borel measure d�.x/ 2 B.�/ and an
inner product hf; gi ´

R
� f .x/g.x/d�.x/

Multi-index ’ D .˛1; : : : ; ˛D/
> 2 ZD

C
of non-negative integers with

length j’j ´
PD
aD1 ˛a. We write x’ D x

˛1

1 � � � x
˛D

D and order the

monomials, x’ < x’0 , j’j < j’0j

For k 2 ZC introduce Œk�´ f’ 2 ZD
C
W j’j D kg and use the graded

lexicographic order and write

Œk� D
˚
’
.k/
1 ;’

.k/
2 ; : : : ;’

.k/

jŒk�j

	
with ’.k/a < ’

.k/
aC1:

Here jŒk�j D
��
D
k

��
D
�
DCk�1

k

�
is the cardinality of the set Œk�, i.e., the

number of elements in the set
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Vectors of monomials

�´

�
�Œ0�
�Œ1�
:::

�Œk�
:::

�

where �Œk�´

˙
x’1

x’2

:::

x’jŒk�j

�

��´
� DY
aD1

x�1a

�
�.x�11 ; : : : ; x�1D /

M. Mañas et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 7 / 63



For example

�Œ0� D 1; �Œ1� D

˙
x1
x2
:::

xD

�

; �Œ2� D

�
x21
x1x2
:::

x1xD
x22
x2x3
:::

x2xD
x23
:::

x2D

�
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Partitioned matrices

A with a block structure induced by the graded lexicographic order

A D

�
AŒ0�;Œ0� AŒ0�;Œ1� � � �

AŒ1�;Œ0� AŒ1�;Œ1� � � �
:::

:::

�

;

AŒk�;Œ`� D

�
A

’
.k/
1 ;’

.`/
1

: : : A
’

.k/
1 ;’

.`/

jŒ`�j

:::
:::

A
’

.k/

jŒk�j
;’

.`/
1

: : : A
’

.k/

jŒk�j
;’

.`/

jŒ`�j

˘

2 RjŒk�j�jŒ`�j
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The moment matrix

Associated with the measure d� we have the following moment matrix

G ´

Z
�

�.x/d�.x/�.x/> D

�
GŒ0�;Œ0� GŒ0�;Œ1� : : :

GŒ1�;Œ0� GŒ1�;Œ1� : : :
:::

:::

�

with each entry being a rectangular matrix with real coefficients

GŒk�;Œ`�´

Z
�

�Œk�.x/d�.x/.�Œ`�.x//
>
D

�
G

’
.k/
1 ;’

.`/
1

: : : G
’

.k/
1 ;’

.`/

jŒ`�j

:::
:::

G
’

.k/

jŒk�j
;’

.`/
1

: : : G
’

.k/

jŒk�j
;’

.`/

jŒ`�j

˘

G
’

.k/

i
;’

.`/

j

´

Z
�

x
’

.k/

i
C’

.`/

j d�.x/ 2 R
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Cholesky factorization

If detGŒ`� ¤ 0 for all ` D 0; 1; : : : then G admits the following
Cholesky type factorization

G D S�1H
�
S�1

�>
with

S�1 D

˙
I 0 0 � � �

.S�1/Œ1�;Œ0� I 0 � � �

.S�1/Œ2�;Œ0� .S�1/Œ2�;Œ1� I
:::

:::
: : :

�

H D

˙
HŒ0� 0 0 � � �

0 HŒ1� 0 � � �

0 0 HŒ2�
:::

:::
: : :

�

where HŒk� are symmetric matrices, H>
Œk�
D HŒk�
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When detGŒ`� ¤ 0 the Cholesky type factorization holds and

detGŒ`� D

`�1Y
kD0

detHŒk� ¤ 0

so that all HŒk� are invertible, k D 0; 1; : : :

The square matrices HŒk� 2 RjŒk�j�jŒk�j can be expressed in terms of
Schur complements of the truncated moment matrix as follows

HŒk� D G
ŒkC1�=GŒk�

If the quasi-determinants of the truncated moment matrices are
invertible det‚�.G

ŒkC1�/ ¤ 0 the Cholesky factorization can be
performed where

HŒk� D ‚�.G
ŒkC1�/
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Schur complements and quasi-determinants

Schur complement???

The Schur complement (Emilie Haynsworth, 1968) ©

Given M D
�
A B
C D

�
in block form the Schur complement with respect to A

(if detA ¤ 0) is

SC

�
A B

C D

�
�M=A´ D � CA�1B

Schur lemma in a disguise form detM D det.A/ det.M=A/ (If ŒA; C � D 0
then detM D det.AD � BC/)
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Quasi-determinant???

Given any partitioned matrix

A D

˙
A1;1 A1;2 : : : A1;k
A2;1 A2;2 : : : A2;k
:::

:::
:::

Ak;1 Ak;2 : : : Ak;k

�

where Ai;j 2 Rmi�mj for i; j 2 f1; : : : ; k � 1g, and
Ak;k 2 R�1��2 ,Ai;k 2 Rmi��2 and Ak;j 2 R�1�mj , we consider its
quasi-determinant à la Olver (2006) recursively. In the Gel’fand style we
require to all blocks to be regular squared equally sized matrices
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Some history

In the late 1920 Archibald Richardson, one of the two responsible of
Littlewood–Richardson rule, and the famous logician Arend Heyting,
founder of intuitionist logic, studied possible extensions of the determinant
notion to division rings. Heyting defined the designant of a matrix with
noncommutative entries, which for 2 � 2 matrices was the Schur
complement, and generalized to larger dimensions by induction.

The situation today

A definitive impulse to the modern theory, 1990 till today, was given by
Gel’fand, Rektah and collaborators. Quasi-determinants where defined
over free division rings and was early noticed that is not an analog of
the commutative determinant but rather of a ratio determinants. A
cornerstone for quasi-determinants is the heredity principle,
quasi-determinants of quasi-determinants are quasi-determinants;
there is no analog of such a principle for determinants
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The easiest quasi-determinant: a Schur complement

We start with k D 2, so that A D
�
A1;1 A1;2

A2;1 A2;2

�
, in this case the first

quasi-determinant ‚1.A/´ A=A1;1; i. e., a Schur complement which
requires detA1;1 ¤ 0

Olver vs Gel’fand

The notation of Olver is different to that of the Gel’fand school where

‚1.A/ D jAj2;2 D

ˇ̌̌̌
A1;1 A1;2

A2;1 A2;2

ˇ̌̌̌
. There is another quasi-determinant

‚2.A/ D A=A22 D jAj1;1 D

ˇ̌̌̌
A1;1 A1;2

A2;1 A2;2

ˇ̌̌̌
, the other Schur complement,

and we need A2;2 to be a invertible square matrix. Other
quasi-determinants that can be considered for regular square blocks areˇ̌̌̌
A1;1 A1;2

A2;1 A2;2

ˇ̌̌̌
and

ˇ̌̌̌
A1;1 A1;2

A2;1 A2;2

ˇ̌̌̌
. This last two quasi-determinants are out of

the scope of the talk, as the partitioned matrix considered here have
rectangular off diagonal blocks and therefore are not invertible
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Example, consider

A D

�
A1;1 A1;2 A1;3
A2;1 A2;2 A2;3
A3;1 A3;2 A3;3

�

take the quasi-determinant with respect the first diagonal block, which we
define as the Schur complement indicated by the non dashed lines

‚1.A/ D

ˇ̌̌̌
ˇ̌̌A11;1 A1;2 A1;3

A2;1
A3;1

A2;2 A2;3
A3;2 A3;3

ˇ̌̌̌
ˇ̌̌ D �A2;2 A2;3

A3;2 A3;3

�
�

�
A2;1
A3;1

�
A�11;1

�
A1;2 A1;3

�
D

�
A2;2 � A2;1A

�1
1;1A1;2 A2;3 � A2;1A

�1
1;1A1;3

A3;2 � A3;1A
�1
1;1A1;2 A3;3 � A3;1A

�1
1;1A1;3

�
;
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Take the quasi-determinant given by the Schur complement as indicated
by the dashed lines

‚2.‚1.A// D

ˇ̌̌̌
ˇA2;2 � A2;1A�11;1A1;2 A2;3 � A2;1A

�1
1;1A1;3

A3;2 � A3;1A
�1
1;1A1;2 A3;3 � A3;1A

�1
1;1A1;3

ˇ̌̌̌
ˇ

D A3;3 � A3;1A
�1
1;1A1;3

�
�
A3;2 � A3;1A

�1
1;1A1;2

��
A2;2 � A2;1A

�1
1;1A1;2

��1�
A2;3 � A2;1A

�1
1;1A1;3

�

Compute, for the very same matrix A D

0@ A1;1 A1;2 A1;3
A2;1 A2;2 A2;3
A3;1 A3;2 A3;3

1A the Schur

complement indicated by the non-dashed lines

‚f1;2g.A/ D

ˇ̌̌̌
ˇ̌̌A1;1 A1;2 A1;3
A2;1 A2;2 A2;3

A1;3 A2;3 A3;3

ˇ̌̌̌
ˇ̌̌

DA3;3 �
�
A3;1 A3;2

��A1;1 A1;2
A2;1 A2;2

��1�
A1;3
A2;3

�
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Take the quasi-determinant given by the Schur complement as indicated
by the dashed lines

‚2.‚1.A// D

ˇ̌̌̌
ˇA2;2 � A2;1A�11;1A1;2 A2;3 � A2;1A

�1
1;1A1;3

A3;2 � A3;1A
�1
1;1A1;2 A3;3 � A3;1A

�1
1;1A1;3

ˇ̌̌̌
ˇ

D A3;3 � A3;1A
�1
1;1A1;3

�
�
A3;2 � A3;1A

�1
1;1A1;2

��
A2;2 � A2;1A

�1
1;1A1;2

��1�
A2;3 � A2;1A

�1
1;1A1;3

�
Compute, for the very same matrix A D

0@ A1;1 A1;2 A1;3
A2;1 A2;2 A2;3
A3;1 A3;2 A3;3

1A the Schur

complement indicated by the non-dashed lines

‚f1;2g.A/ D

ˇ̌̌̌
ˇ̌̌A1;1 A1;2 A1;3
A2;1 A2;2 A2;3

A1;3 A2;3 A3;3

ˇ̌̌̌
ˇ̌̌

DA3;3 �
�
A3;1 A3;2

��A1;1 A1;2
A2;1 A2;2

��1�
A1;3
A2;3

�
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From�
A1;1 A1;2

A2;1 A2;2

��1

D

�
A�1

1;1CA�1
1;1A1;2.A2;2 �A2;1A�1

1;1A1;2/�1A2;1A�1
1;1 �A�1

1;1A1;2.A2;2 �A2;1A�1
1;1A1;2/

�.A2;2 �A2;1A�1
1;1A1;2/�1A2;1A�1

1;1 .A2;2 �A2;1A�1
1;1A1;2/�1

�

) ‚2.‚1.A// D ‚f1;2g.A/

Heredity Principle

Quasi-determinants of quasi-determinants are quasi-determinants

Given any set I D fi1; : : : ; img � f1; : : : ; kg the heredity principle allows us
to define the quasi-determinant

‚I .A/ D ‚i1.‚i2.� � �‚im.A/ � � � //
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The `-th quasi-determinant is

‚.`/.A/ D ‚f1;:::;`�1;`C1;:::;kg.A/ D jAj`;` D

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ

A1;1 A1;2 : : : A1;` : : : A1;k
A2;1 A2;2 : : : A2;` : : : A2;k
:::

:::
:::

:::

A`;1 A`;2 : : : A`;` : : : A`;k
:::

:::
:::

:::

Ak;1 Ak;2 : : : Ak;` : : : Ak;k

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ

Last quasi-determinant ©

‚�.A/ D ‚
.k/.A/ D jAjk;k D

ˇ̌̌̌
ˇ̌̌̌
ˇ
A1;1 A1;2 : : : A1;k
A2;1 A2;2 : : : A2;k
:::

:::
:::

Ak;1 Ak;2 : : : Ak;k

ˇ̌̌̌
ˇ̌̌̌
ˇ
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Quasi-tau matrices

In the 1D scenario the tau functions can be introduced as the
determinant of a truncated moment matrix

�k ´detGŒk�; k D1; 2; : : : ; �0 D 1

And the relation with Hk is

Hk D
�kC1

�k
; �kC1 D HkHk�1 � � �H0

Hk D det.GŒkC1�=GŒk�/ D ‚�.G
ŒkC1�/

The 1D scenario suggests that the squared norms Hk can be
considered as quasi-tau functions (being the tau functions
�k D detGŒk� determinants of the truncated moment matrix and the
quasi-tau functions Hk D ‚�.G

ŒkC1�/ quasi-determinants of the
truncated moment matrix)

This extends to the multivariant setting and now we have
HŒk� D ‚�.G

ŒkC1�/ ©
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The polynomials

The MVOPR associated to the measure d� are

P D S� D

�
PŒ0�
PŒ1�
:::

�

PŒk�.x/ D

kX
`D0

SŒk�;Œ`��Œ`�.x/ D

�
P

’
.k/
1

:::

P
’

.k/

jŒk�j

˘

P
’

.k/

i

D

kX
`D0

jŒ`�jX
jD1

S
’

.k/

i
;’

.`/

j

x
’

.`/

j
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The MVOPR satisfy for ` D 0; 1; : : : ; k � 1 the following relationsZ
�

PŒk�.x/d�.x/.PŒ`�.x//
>
D

Z
�

PŒk�.x/d�.x/.�Œ`�.x//
>
D 0Z

�

PŒk�.x/d�.x/.PŒk�.x//
>
D

Z
�

PŒk�.x/d�.x/.�Œk�.x//
>
D HŒk�

Orthogonality conditions ©
For ` D 0; 1; : : : ; k � 1, i D 1; : : : ; jŒk�j, j D 1; : : : ; jŒ`�jZ

�

P
’

.k/

i

.x/P
’

.`/

j

.x/d�.x/ D

Z
�

P
’

.k/

i

.x/x’
.`/

j d�.x/ D 0

with the normalization conditions (i; j D 1; : : : ; jŒk�j)Z
�

P’i
.x/P’j

.x/d�.x/ D

Z
�

P’i
.x/x’j d�.x/ D H’i ;’j
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Quasi-determinantal expressions

Schur complements

The MVOPR can be expressed as Schur complements of bordered
truncated moment matrices

PŒ`�.x/ D SC

˙
GŒ0�;Œ0� � � � GŒ0�;Œ`�1� �Œ0�.x/
:::

:::
:::

GŒ`�1�;Œ0� � � � GŒ`�1�;Œ`�1� �Œ`�1�.x/

GŒ`�;Œ0� � � � GŒ`�;Œ`�1� �Œ`�.x/

�

Quasi-determinants ©

PŒ`�.x/ D ‚�

�
GŒ0�;Œ0� � � � GŒ0�;Œ`�1� �Œ0�.x/
:::

:::
:::

GŒ`�;Œ0� � � � GŒ`�;Œ`�1� �Œ`�.x/

�
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The shift matrices

Shift matrices are

ƒa D

�
0 .ƒa/Œ0�;Œ1� 0 0 � � �

0 0 .ƒa/Œ1�;Œ2� 0 � � �

0 0 0 .ƒa/Œ2�;Œ3�

0 0 0 0
: : :

:::
:::

:::
:::

�

Given any k D
PD
aD1 kaea 2 ZD

C we define

ƒk ´ ƒ
k1

1 � � �ƒ
kD

D
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For D D 2 we have

ƒ1 D

�
0 1 0 0 0 0 0 0 0 0 : : :

0 0 0 1 0 0 0 0 0 0 : : :

0 0 0 0 1 0 0 0 0 0 : : :

0 0 0 0 0 0 1 0 0 0 : : :

0 0 0 0 0 0 0 1 0 0 : : :

0 0 0 0 0 0 0 0 1 0 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘

ƒ2 D

�
0 0 1 0 0 0 0 0 0 0 : : :

0 0 0 0 1 0 0 0 0 0 : : :

0 0 0 0 0 1 0 0 0 0 : : :

0 0 0 0 0 0 0 1 0 0 : : :

0 0 0 0 0 0 0 0 1 0 : : :

0 0 0 0 0 0 0 0 0 1 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘
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0 0 0 0 0 0 0 0 1 0 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘

ƒ2 D

�
0 0 1 0 0 0 0 0 0 0 : : :

0 0 0 0 1 0 0 0 0 0 : : :

0 0 0 0 0 1 0 0 0 0 : : :

0 0 0 0 0 0 0 1 0 0 : : :
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0 0 0 0 0 0 0 0 0 1 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘
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ƒ1ƒ2 D ƒ2ƒ1 D

�
0 0 0 0 1 0 0 0 0 0 : : :

0 0 0 0 0 0 0 1 0 0 : : :

0 0 0 0 0 0 0 0 1 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘

Properties of the shift matrices

ƒkƒ` D ƒkC` D ƒ`ƒk; ƒk.ƒk/
>
D I

ƒk�.x/ D xk�.x/
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ƒ1ƒ2 D ƒ2ƒ1 D

�
0 0 0 0 1 0 0 0 0 0 : : :

0 0 0 0 0 0 0 1 0 0 : : :

0 0 0 0 0 0 0 0 1 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :

0 0 0 0 0 0 0 0 0 0 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘

Properties of the shift matrices

ƒkƒ` D ƒkC` D ƒ`ƒk; ƒk.ƒk/
>
D I

ƒk�.x/ D xk�.x/
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String equation and Jacobi matrices

The multivariate string equation ©

The moment matrix G satisfies 8k 2 ZD
C

ƒkG D G
�
ƒk

�>

We introduce the following Jacobi type matrices Jk ´ SƒkS
�1 and

Ja ´ Jea

Properties of Jacobi matrices

The Jacobi type matrices satisfy 8k 2 ZD
C

J>k D H
�1JkH; JkP D xkP
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The explicit form of the basic Jacobi matrices is

Ja D

�
.Ja/Œ0�;Œ0� .Ja/Œ0�;Œ1� 0 0 0 � � �

.Ja/Œ1�;Œ0� .Ja/Œ1�;Œ1� .Ja/Œ1�;Œ2� 0 0 � � �

0 .Ja/Œ2�;Œ1� .Ja/Œ2�;Œ2� .Ja/Œ2�;Œ3� 0 � � �

0 0 .Ja/Œ3�;Œ2� .Ja/Œ3�;Œ3� .Ja/Œ3�;Œ4�
:::

:::
: : :

: : :
: : :

�

where

.Ja/Œk�;Œk�1� D HŒk�
�
.ƒa/Œk�1�;Œk�

�> �
HŒk�1�

��1
;

.Ja/Œk�;Œk� D ˇŒk�.ƒa/Œk�1�;Œk� � .ƒa/Œk�;ŒkC1�ˇŒkC1�;

.Ja/Œk�;ŒkC1� D .ƒa/Œk�;ŒkC1�
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For D D 2 we have

J1 D

�
� 1 0 0 0 0 0 0 0 0 : : :

| � � 1 0 0 0 0 0 0 : : :

| � � 0 1 0 0 0 0 0 : : :

0 | | � � � 1 0 0 0 : : :

0 | | � � � 0 1 0 0 : : :

0 | | � � � 0 0 1 0 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘

J2 D

�
� 0 1 0 0 0 0 0 0 0 : : :

| � � 0 1 0 0 0 0 0 : : :

| � � 0 0 1 0 0 0 0 : : :

0 | | � � � 0 1 0 0 : : :

0 | | � � � 0 0 1 0 : : :

0 | | � � � 0 0 0 1 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘
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˘
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�
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˘
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We introduce the following objects

ƒ´ .ƒ1; : : : ; ƒD/
>; J ´ .J1; : : : ; JD/

>

for n D .n1; : : : ; nD/
> 2 RD we define the following dot products

n �ƒ´

DX
aD1

naƒa; n � J ´

DX
aD1

naJa:

Three term relation ©
The celebrated Xu’s three term relations for k D 1; 2; : : : are

.n � x/PŒk�.x/ D HŒk�.n �ƒ/
>
Œk�1�;Œk�H

�1
Œk�1�PŒk�1�.x/

C
�
ˇŒk�.n �ƒ/Œk�1�;Œk� � .ƒa/Œk�;ŒkC1�ˇŒkC1�

�
PŒk�.x/

C .n �ƒ/Œk�;ŒkC1�PŒkC1�.x/
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In the 2D case with n D

�
n1
n2

�

n �ƒ D

�
0 n1 n2 0 0 0 0 0 0 0 : : :

0 0 0 n1 n2 0 0 0 0 0 : : :

0 0 0 0 n1 n2 0 0 0 0 : : :

0 0 0 0 0 0 n1 n2 0 0 : : :

0 0 0 0 0 0 0 n1 n2 0 : : :

0 0 0 0 0 0 0 0 n1 n2 : : :
:::

:::
:::

:::
:::

:::
:::

:::

˘
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Christoffel–Darboux kernels

K.`/.x;y/´
�
�Œ`�.x/

�> �
GŒ`�

��1
�Œ`�.y/ D

`�1X
kD0

�
PŒk�.x/

�> �
HŒk�

��1
PŒk�.y/

Christoffel–Darboux formula ©

.n � .x � y//K.`/.x;y/ D
�
.n �ƒ/Œ`�1�;Œ`�PŒ`�.x/

�>�
HŒ`�1�

��1
PŒ`�1�.y/

� PŒ`�1�.x/
>
�
HŒ`�1�

��1
.n �ƒ/Œ`�1�;Œ`�PŒ`�.y/
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The discrete Toda flows

D discrete flows we consider an invertible matrix

N D .na;b/a;bD1;:::;D 2 GL.RD/;

and therefore D linearly independent vectors na D .na;1; : : : ; na;D/
>,

and a vector q D .q1; : : : ; qD/
> 2 RD, where qa ¤ 0, a D f1; : : : ;Dg

For each multi-index m D .m1; : : : ; mD/
> 2 ZD we consider the

measure

d�m.x/ D
h DY
aD1

�
na � x � qa

�ma

i
d�.x/:
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We introduce the bounded open convex polytope

R´ fx 2 RD W jn1 � xj < jq1j; : : : ; jnD � xj < jqDjg

and sets Ra ´ fx 2 RD W �jqaj < na � x < jqajg, a 2 f1; : : : ;Dg

d�m has a definite sign in R \ supp.�/

If supp� � R, then the moment matrices G.m/ of the measures
d�m satisfy

G.m/ D

� DY
aD1

.na �ƒ � qa/
ma

�
G D G

� DY
aD1

.na �ƒ
>
� qa/

ma

�
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Undressed wave matrices

W0.m/´

DY
aD1

.na �ƒ � qa/
ma

Translations and partial difference

.Taf /.m1; : : : ; ma; : : : ; mD/ D f .m1; : : : ; ma C 1; : : : ; mD/

�a ´ Ta � 1

We introduce the following adjoint lattice resolvents

Ma ´ S.TaS/
�1

D H
�
.TaS/.na �ƒ � qa/S

�1
�>
.TaH/

�1

D I C �a

with �a D H.na �ƒ/
>.TaH/

�1
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Wave matrices:

W1´SW0; W2´H
�
S�1

�>

Lattice resolvents for each a 2 f1; : : : ;Dg:

!a ´.TaH/M
>
a H

�1

D.TaS/.na �ƒ � qa/S
�1

D˛a C na �ƒ

with ˛a D .TaH/H
�1
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The quasi-tau matrices HŒk� are subject to the following

Discrete Toda equations!
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Discrete Toda equations!

�b
�
.�aHŒk�/H

�1
Œk�

�
D .na �ƒ/Œk�;ŒkC1�HŒkC1�Œ.nb �ƒ/Œk�;ŒkC1��

>
�
TbHŒk�

��1
�.TaHŒk�/Œ.nb �ƒ/Œk�1�;Œk��

>
�
TaTbHŒk�1�

��1
.na �ƒ/Œk�1�;Œk�
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The quasi-tau matrices HŒk� are subject to the following

Discrete Toda equations!

second partial difference

�b
�
.�aHŒk�/H

�1
Œk�

�
D

quadratic term in H

.na �ƒ/Œk�;ŒkC1�HŒkC1�Œ.nb �ƒ/Œk�;ŒkC1��
>
�
TbHŒk�

��1
� .TaHŒk�/Œ.nb �ƒ/Œk�1�;Œk��

>
�
TaTbHŒk�1�

��1
.na �ƒ/Œk�1�;Œk�

quadratic term in H
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If TaG and G admit Cholesky ) LU factorization

na � J � qa DMa!a

and the UL factorization

Ta.na � J / � qa D !aMa

In terms of quasi-determinants of the Jacobi matrices

�a;Œk� D .na � J Œk�;Œk�1�/
�
‚�.na � J

Œk�
� qaIŒk�/

��1
˛a;Œk� D ‚�.na � J

ŒkC1�
� qaIŒkC1�/
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Integrability ©
1 The wave matrices W1 and W2 both satisfy the following linear system

TaW D!aW

2 The Jacobi matrices na � J are Lax matrices

Tb.na � J /!b D!b .na � J /; Mb Tb.na � J / D .na � J /Mb

3 Zakharov–Shabat equations

.Ta!b/!a D.Tb!a/!b; Ma.TaMb/ DMb.TbMa/
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Quasi-tau functions formulæ for MOVPR

From MaTaP D P and !aP D .n � x � qa/TaP we get

�a;Œk�.TaP /Œk�1� C .TaP /Œk� D PŒk�;

˛a;Œk�1�PŒk�1� C .na �ƒ/Œk�1�;Œk�PŒk� D .na � x � qa/.TaP /Œk�1�

When p 2 �Ca , i.e. na � p D qa, the important relation appears

.na �ƒ/Œk�1�;Œk�PŒk�.p/ D �˛a;Œk�1�PŒk�1�.p)

In the 1D scenario we have for p D q=n that
Pk.p/ D �˛k�1Pk�1.p/, and iterating this relation one gets

Pk.q/ D .�1/
k THk�1THk�2 � � �TH0

Hk�1Hk�2 � � �H0
D .�1/k

T �k

�k

This is a well known expression in terms of Miwa shifts of � -functions
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.na �ƒ/Œk�1�;Œk�PŒk�.p/ D �˛a;Œk�1�PŒk�1�.p)

Is it possible to clear PŒk�.x/
having .na �ƒ/Œk�1�;Œk� not left inverse?

Yep, with the full column rank matrix trick
and the Moore–Penrose pseudo-inverse
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The matrices .na �ƒ/Œk�;ŒkC1� have a right inverse but do not have a
left inverse, but if we arrange all of them together we get

ŒNƒ�k ´

�
.n1 �ƒ/Œk�;ŒkC1�

:::

.nD �ƒ/Œk�;ŒkC1�

�

2 RDjŒk�j�jŒkC1�j

ŒNƒ�k is a full column rank matrix ) the correlation matrix
ŒNƒ�>

k
ŒNƒ�k 2 RjŒkC1�j�jŒkC1�j is invertible and the Moore–Penrose

pseudo-inverse is

ŒNƒ�C
k
D
�
ŒNƒ�>k ŒNƒ�k

��1
ŒNƒ�>k

which happens to be a left inverse

The clearing leads to

PŒk�.q/ D �ŒNƒ�C
.k�1/

ŒT .Nq/H�k�1H
�1
Œk�1�PŒk�1�.q/

where q ´ .q1; : : : ; qd / , ŒT .q/H�k ´

�
T

.q/
1 HŒk�

:::
T

.q/
D HŒk�

�
2 RDjŒk�j�jŒk�j
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Quasi-tau and MOVPR ©
The MVOPR can be expressed in terms of quasi-tau matrices H and its
discrete time translations as follows

PŒk�.q/ D .�1/
kŒNƒ�C

k�1
ŒT .Nq/H�k�1.HŒk�1�/

�1

� ŒNƒ�C
k�2

ŒT .Nq/H�k�2.HŒk�2�/
�1
� � � ŒNƒ�C0 ŒT

.Nq/H�0H
�1
Œ0�

Bravo!
Another application of our

generalised inverse

This result justifies once again the quasi-tau
denomination for HŒk� as it reproduces the 1D result. We have not found
such an extension for the � function
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Multivariate elementary Darboux transformations

OPRL’s elementary Darboux transformations

For D D 1 the important relation derived previously leads to Darboux
transformations

Pk.q/ D �˛kPk�1.q/ H)
This is not true in D > 1

˛k D �
Pk.q/

Pk�1.q/

gives the so called kernel polynomials

TPk�1.x/ D
1

x � q

�
Pk.x/ � Pk.q/

1

Pk�1.q/
Pk�1.x/

�
which is the standard elementary Darboux transformation for the OPRL
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Lire mon article
Sur une proposition relative aux équations linéaires

publiés en 1882 dans Comptes Rendus
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which is the standard elementary Darboux transformation for the OPRL

It can be written as a quasi-determinant (a very trivial one indeed!!)

TPk�1.x/ D
1

x � q
‚�

�
Pk�1.q/ Pk�1.x/

Pk.q/ Pk.x/

�
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For D > 1 andp such that n � p D q we have

˛Œk�PŒk�.p/ D �.n �ƒ/Œk�;ŒkC1�PŒkC1�.p/

Is it possible to clear the matrix variable ˛Œk�?

Yep, with the sample matrix trick
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Sample matrix trick

Nodes, sample matrices and poised sets

Given the set fp1; : : :pjŒk�jg � �
C D fx 2 RD W x � n D qg � RD, whose

elements are known as nodes, we consider the sample matrices

†kŒ`� D
�
PŒ`�.p1/ : : : PŒ`�.pjŒk�j/

�
2 RjŒ`�j�jŒk�j

The set fp1; : : :pjŒk�jg of nodes is said to be a poised set for the

interpolation polynomials fPka
g
jŒk�j
aD1 if the sample matrix †k

Œk�
is invertible,

i.e. det†k
Œk�
¤ 0.

For a poised set fp1; : : : ;pjŒk�jg � �
C � RD of nodes we can write

˛Œk� D �.n �ƒ/Œk�;ŒkC1�†
k
ŒkC1�

�
†k
Œk�

��1
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The multivariate degree one Darboux transformation ©

Given a poised set fp1; : : :pjŒk�jg � �
C � RD of nodes we have the

following expressions of the degree one Darboux transformed MVOPR, the
kernel polynomials TP.x/ associated with .n � x � q/d�.x/, in terms of
quasi-determinants of the original MVOPR

.TP /Œk�.x/ D .n � x � q/
�1.n �ƒ/Œk�;ŒkC1�‚�

 
†k
Œk�

PŒk�.x/

†k
ŒkC1�

PŒkC1�.x/

!

Quasi-tau matrices transform according

.TH/Œk� D .n �ƒ/Œk�;ŒkC1�‚�

�
†k
Œk�

HŒk�

†k
ŒkC1�

0

�
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Polynomial Darboux transformations

Ooh, what about a
degree m polynomial Darboux transformations??
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Polynomial Darboux transformations

You mean d�.x/! Q.x/d�.x/ with
with Q.x/ a multivariate polynomial of degQ D m??
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Polynomial Darboux transformations

Sure
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Polynomial Darboux transformations

Well, as is pointed out in Gabor Szegő’s book
for D D 1 this was already answered for d� D dx

by Elwin Bruno Christoffel back in 1858
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Polynomial Darboux transformations

Die tranČormierten Polynome sind

1
c.x�q1/���.x�qm/

ˇ̌̌̌
ˇ̌̌ pn.x/ ::: pnCm.x/

pn.q1/ ::: pnCm.q1/

:::
:::

pn.qm/ ::: pnCm.qm/

ˇ̌̌̌
ˇ̌̌
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Polynomial Darboux transformations

You know, I’m interested in the multivariate case
D > 1
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Resolvents

Degree m multivariate polynomial

Q D
mX
jD0

Q.j / degQ.j / D j Q.m/ ¤ 0

Polynomial Darboux transformation and resolvent

T d�.x/ D Q.x/d�.x/ ! D.TS/Q.ƒ/S�1
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M. Mañas et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 50 / 63



Structure of the resolvent

The degree m resolvent ! can be expressed in diagonals as follows

! D Q.m/.ƒ/

m-th superdiagonal

C .Tˇ/Q.m�1/.ƒ/ �Q.m�1/.ƒ/ˇ

.m� 1/-th superdiagonal:::
C .TH/H�1

diagonal
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The sample matrix trick again ©

The MOVPR satisfy Q.x/TP.x/ D !P.x/

For any element p in the zero set ZQ ´ fx 2 RD W Q.x/ D 0g we
have the important relation

!Œk�;ŒkCm�PŒkCm�.p/C !Œk�;ŒkC1�PŒkCm�1�.p/C � � � C !Œk�;Œk�PŒk�.p/ D 0

For the sets
˚
p
.i/
j

	jŒkCi�1�j
jD1

, i 2 f1; : : : ; mg, we use the notation

†
.i/;k

Œ`�
and we suppose that [miD1fp

.i/
j g
jŒk�1Ci�j
jD1 � [miD1�

.i/;C is a

poised set for

 
PŒk�.x/

:::
PŒkCm�1�.x/

!
, i.e.

ˇ̌̌̌
ˇ̌ †

.1/;k

Œk�
::: †

.m/;kCm�1

Œk�

:::
:::

†
.1/;k

ŒkCm�1�
::: †

.m/;kCm�1

ŒkCm�1�

ˇ̌̌̌
ˇ̌ ¤ 0
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M. Mañas et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 52 / 63



Clearing the omegas

Then�
!Œk�;Œk� : : : !Œk�;ŒkCm�1�

�
D �!Œk�;ŒkCm�

�
†
.1/;k
ŒkCm�

: : : †
.m/;kCm�1
ŒkCm�

�� †
.1/;k
Œk�

: : : †
.m/;kCm�1
Œk�

:::
:::

†
.1/;k
ŒkCm�1�

: : : †
.m/;kCm�1
ŒkCm�1�

��1
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Multivariate quasi-determinantal Christoffel formula ©

TPŒk�.x/ D
.Q.ƒ//Œk�;ŒkCm�

Q.x/
‚�

�
†
.1/;k
Œk�

: : : †
.m/;kCm�1
Œk�

PŒk�.x/

:::
:::

:::

†
.1/;k
ŒkCm�

: : : †
.m/;kCm�1
ŒkCm�

PŒkCm�.x/

�

I like it!!!
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Irreducible polynomials and Darboux transformations

For D D 1 polynomials in C all the irreducible polynomials have
degree one and all polynomials are factorizable in terms of
irreducible polynomials. Thus, all polynomial Darboux
transformations are reachable by iteration.

The situation in D > 1 is radically different. There are many
irreducible polynomials of degree higher than one. Hence, an
irreducible polynomial Darboux transformation is not reachable by
iterations.

Therefore, degree one Darboux transformations do not deserve
the name of elementary for D > 1.
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Continuous Toda flows

Covector of time variables

t D.tŒ0�; tŒ1�; : : : /; tŒk� D.t’.k/
1

; : : : ; t
’

.k/

jŒk�j

/; t
’

.k/

j

2 R

Deformation matrix is

W0.t;m/ D exp
� 1X
kD0

jŒk�jX
jD1

t
’

.k/

j

ƒ
’

.k/

j

� DY
aD1

.na �ƒ � qa/
ma

Deformed moment matrix G.t;m/´ W0.t;m/G

t.x/´ t�.x/ D
P1
kD0

PjŒk�j
jD1 t’.k/

j

x
’

.k/

j

The deformed moment matrix is the moment matrix of the following
deformed measure

d�t;m.x/ D et.x/ d�m.x/ D et.x/
h DY
aD1

�
na � x � qa

�ma

i
d�.x/
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The Cholesky factorization

G.t;m/´ .S.t;m//�1H.t;m/
�
.S.t;m//�1

�>

The wave semi-infinite matrices are

W1.t;m/´ S.t;m/W0.t;m/; W2.t;m/´ H.t;m/
�
.S.t;m//�1

�>
Baker functions in terms of MVOPR and its multivariate Cauchy
transforms (second kind functions)

.‰1/’i
.z/ D et.z/

h DY
aD1

�
na � z � qa

�ma
i
P’i

.z; t;m/

.‰2/’i
.z/ D et.z/

h DY
aD1

�
na � z � qa

�ma
i Z
�

P’i
.y; t /

.z1 � y1/ � � � .zD � yD/
d�.y/

.‰�1 /’i
.z/ D

jŒk�jX
jD1

.H.t;m/�1/’i ;’j

Z
�

P’j
.y; t;m/

.z1 � y1/ � � � .zD � yD/
d�.y/

.‰�2 /’i
.z/ D

jŒk�jX
jD1

.H.t;m/�1/’i ;’j
P’j

.z; t;m/
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The hierarchy

1 The Baker functions solve the linear system of differential equations
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Bilinear equations

For any pair of times .t;m/ and .t 0;m0/, points r1 2 D�
’

.`/

j

.t 0;m0/ and

r2 2 D
’

.k/

i

.t;m/ in the respective domains of convergence and

D-dimensional tori TD.r1/ and TD.r2/ (Shilov borders of polydisks) we
can ensure that Baker and adjoint Baker functions satisfy the following
bilinear identityZ
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The quasi-tau matrices HŒk� are subject to the following

Toda equations!
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The quasi-tau matrices HŒk� are subject to the following

Toda equations!

second partial difference

@

@tb

�@HŒk�
@ta

H�1Œk�

�
D

quadratic term in H

.ƒa/Œk�;ŒkC1�HŒkC1�Œ.ƒb/Œk�;ŒkC1��
>H�1Œk�

�HŒk�Œ.ƒa/Œk�1�;Œk��
>H�1Œk�1�.ƒa/Œk�1�;Œk�

quadratic term in H
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The KP style

Linear systems

Baker functions ‰1, ‰2 are both solutions of
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the first subdiagonal of S and ˇ.2/ the second subdiagonal
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The previous linear systems are expressed in terms of the subdiagonals
of S , which are the coefficients of the MOVPR and that can be
expressed in terms of quasi-determinants of bordered truncated
moment matrices. In particular ˇ is important in the description of
the hierachy and of the Toda equations

They form a hierarchy of compatible equations, these are just the
three first
The compatibility of these equations gives nonlinear for the
coefficients ˇ.i/ (i-th subdiagonal) involved (up to the order of the
highest time, 2 and 3 in the previous examples, minus one)
They are equations that involve only one site in the lattice,
only coefficients at a site k appear!!
For the MOVPR the two first are
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Thank you

Thanks!!!
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