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Outline |

@ Cholesky description of multivariate orthogonal polynomials
@ Monomials
@ The moment matrix
@ Quasi-determinantal formula
e MVOPR
@ Shift matrices
@ Jacobi matrices
@ Three term relations
@ Christoffel-Darboux formulae

@ Discrete Toda flows
@ The flows
@ Translations and adjoint lattice resolvents
@ Wave matrices and lattice resolvents
@ The partial difference equations
@ Elements of integrability
@ Quasi-tau functions formulze for MOVPR
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© Darboux transformations
@ 1D case
@ Multivariate degree one Darboux transformation
@ The general case: degree m polynomial Darboux transformations

@ Continuous Toda flows
The continuous flows
Baker functions
Integrable hierarchy
Bilinear equations
Toda equations

KP style
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Our inspiration

The research of Mark Adler and Pierre van Moerbeke on orthogonal
polynomials and integrable systems
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The research of Mark Adler and Pierre van Moerbeke on orthogonal
polynomials and integrable systems

v

To deepen the knowledge on the role of the Gauss factorization in the
interplay between orthogonal polynomials and integrable systems. Now,
with multivariate orthogonal polynomials

\
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Our objective

To deepen the knowledge on the role of the Gauss factorization in the
interplay between orthogonal polynomials and integrable systems. Now,
with multivariate orthogonal polynomials
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Gerardo Araznibarreta and MM, Multivariate orthogonal polynomials and
integrable systems, arXiv:1409.0570 [math.CA]
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Multivariate measures and monomials

@ D independent real variables x = (x1, x3, ...,xD)T e Q CRP
varying in the domain €2, a Borel measure du(x) € B(2) and an

inner product (f, g) : fQ f(x)gx)du(x)
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Multivariate measures and monomials

@ D independent real variables x = (x1, x3, ...,xD)T e Q CRP
varying in the domain €2, a Borel measure du(x) € B(2) and an

inner product (f, g) : fQ f(x)gx)du(x)

e Multi-index o = (aq,...,ap) ! € Zf of non-negative integers with
length || := Zl?:l ag. We write x* = x{"'---x7” and order the

monomials, x% < x% & |a| < |o]
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Multivariate measures and monomials

@ D independent real variables x = (x1, x3, ...,xD)T e Q CRP
varying in the domain €2, a Borel measure du(x) € B(2) and an

inner product (f, g) : fQ f(x)gx)du(x)

e Multi-index o = (a1,...,ap) ' € Zf of non-negative integers with
length |a| := Z[?:l aq. We write x* = x{"' ---x7” and order the

monomials, x% < x% & |a| < |o]

@ For k € Z4 introduce [k] :={a € Z_? . lee] =k} and use the graded
lexicographic order and write

k k k . k k
k] = {Otg ) o(g )""’al([k)]|} with °‘¢(z ) < “51421-

Here |[k]| = ((g)) = (D+]f_1) is the cardinality of the set [k], i.e., the
number of elements in the set
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@ Vectors of monomials

X[o] Lo

XFI] o2
X = : where Y =

X[.k] x I

D
1= (Hx;l))((xl_l,...,xgl)

a=1
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@ For example

x1 2
X2
X =1, =\ .| Xi2) =

XD
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Partitioned matrices

A with a block structure induced by the graded lexicographic order

Afo),l0]  Afo1,[1]

A= |Amo Apym oo,
Aagk),a(le) .. Aa(lk)’af[éé)ﬂ
Ay = : ¢ RIFIxI
A .. A
°‘|([kk)]| o o |([15c)1| ’al([éé)ll
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The moment matrix

Associated with the measure du we have the following moment matrix

Gronl01  Grol,im
G :2/ x(x)du(x)x(x)" = [ Guior Gpg
Q . .

with each entry being a rectangular matrix with real coefficients

Ga(1k>’a§e) G“(lk)’“f[ze)n

Grrl,ie ¢=/QX[k](x)du(x)(X[e](x))T = : :
Gw w ... Guwo
%1% k1% e

() 4 (O
G, w o ::/ x% T du(x) e R
i 7y Q

J
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Cholesky factorization

o If det G £ 0 for all £ =0,1,... then G admits the following
Cholesky type factorization

G=S5"'H(s)"
with
I 0 0

o1 _ [ ST Dmo I 0
=1 S Dene S YD I

Hg 0 0
0 Hy O
H=1 0 0o Hy

where Hj) are symmetric matrices, H[-lk_] = Hip
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o When det G £ 0 the Cholesky type factorization holds and

£—1
det G = 1_[ det H #0
k=0

so that all Hpj are invertible, k = 0,1, ...
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o When det G £ 0 the Cholesky type factorization holds and

£—1
det G = 1_[ det H #0
k=0

so that all Hpgj are invertible, k = 0,1, ...

@ The square matrices Hy] € RIKIXIEN can be expressed in terms of
Schur complements of the truncated moment matrix as follows

Hyy = G[k+1]/G[k]
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o When det G £ 0 the Cholesky type factorization holds and

£—1
det G = 1_[ det H #0
k=0

so that all Hpgj are invertible, k = 0,1, ...

@ The square matrices H[] € RIFIXIE can be expressed in terms of
Schur complements of the truncated moment matrix as follows

Hyy = G[k+1]/G[k]
@ If the quasi-determinants of the truncated moment matrices are

invertible det ©4(GK+11) =£ 0 the Cholesky factorization can be
performed where

Hyg = 0.(G**1)
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Schur complements and quasi-determinants

mr complement???
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Schur complements and quasi-determinants

ﬂr complement???

The Schur complement (Emilie Haynsworth, 1968) @

Given M = (é g) in block form the Schur complement with respect to A
(if det A # 0) is

Al B\ e
SC(T‘T)zM/A._D CA™'B

Schur lemma in a disguise form det M = det(A) det(M/A) (If [A,C] =0
then det M = det(AD — BC))

v
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Qu&erminant???
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Qu&rminant???

Given any partitioned matrix

A A o0 Ak
A2,1 A2’2 .. Az’k
Ak,l Ak’z coo Ak,k

where A; j € R™>™ fori,j e{l,....,k —1}, and

A g € RE1X92 A4; 1 € R™>X¥2 and Ay ; € R/ we consider its
quasi-determinant a /a Olver (2006) recursively. In the Gel'fand style we
require to all blocks to be regular squared equally sized matrices

o
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Some history

In the late 1920 Archibald Richardson, one of the two responsible of
Littlewood—Richardson rule, and the famous logician Arend Heyting,
founder of intuitionist logic, studied possible extensions of the determinant
notion to division rings. Heyting defined the designant of a matrix with
noncommutative entries, which for 2 x 2 matrices was the Schur
complement, and generalized to larger dimensions by induction.
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Some history

In the late 1920 Archibald Richardson, one of the two responsible of
Littlewood—Richardson rule, and the famous logician Arend Heyting,
founder of intuitionist logic, studied possible extensions of the determinant
notion to division rings. Heyting defined the designant of a matrix with
noncommutative entries, which for 2 x 2 matrices was the Schur
complement, and generalized to larger dimensions by induction.

| A

The situation today

A definitive impulse to the modern theory, 1990 till today, was given by
Gel'fand, Rektah and collaborators. Quasi-determinants where defined
over free division rings and was early noticed that is not an analog of
the commutative determinant but rather of a ratio determinants. A
cornerstone for quasi-determinants is the heredity principle,
quasi-determinants of quasi-determinants are quasi-determinants;
there is no analog of such a principle for determinants
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The easiest quasi-determinant: a Schur complement

We start with k = 2, so that 4 = Av AI’Z), in this case the first
Az Az

quasi-determinant ©®;(A) := A/A1,1; i. e., a Schur complement which
requires det A;,1 # 0
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The easiest quasi-determinant: a Schur complement

We start with k = 2, so that 4 = Av AI’Z), in this case the first
Az Az

quasi-determinant ©®;(A) := A/A1,1; i. e., a Schur complement which
requires det A;,1 # 0

|

Olver vs Gel'fand

The notation of Olver is different to that of the Gel'fand school where
A1 A2 . . .
O1(A4) = |Al22 = Ao . There is another quasi-determinant

A

2,1 A22
and we need A3 > to be a invertible square matrix. Other

quasi-determinants that can be considered for regular square blocks are

Az,z‘ and Az Azp
the scope of the talk, as the partitioned matrix considered here have

rectangular off diagonal blocks and therefore are not invertible

| N\

Oz(A) = A/Axp = |Al11 = , the other Schur complement,

. This last two quasi-determinants are out of
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Example, consider

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 17 / 63



Example, consider

Ay | Arp 1 Avs

take the quasi-determinant with respect the first diagonal block, which we
define as the Schur complement indicated by the non dashed lines
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Example, consider

Ay | Arp 1 Avs

take the quasi-determinant with respect the first diagonal block, which we
define as the Schur complement indicated by the non dashed lines

A A Ars

A A A _

@1(14) = AZ,I A2’2 A2’3 — (AZ,Z A2,3) _ (Az,l)Al’ll (Al’z A1’3)

32 Asj3 3,1
Az Aszp Az

A3,2 —A3,1A1,1A1,2 ! A3,3 —A3,1A1,1A1,3
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Take the quasi-determinant given by the Schur complement as indicated
by the dashed lines

—1 1

Aop —Ar1 AT A1 Az — A2 A7 1413
-1 —1

Azp— A3 A7 1412 | Ass — 431471413

02(01(4)) =

= As3— A3 1A A3
— (432 — A3,1A1_,11A1,2)(A2,2 — /‘12,11‘11_,111‘11,2)_1 (A2 — A2,1A111A1,3)
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Take the quasi-determinant given by the Schur complement as indicated
by the dashed lines

Az o — A2,1A1_,11A1,2 Az 3z — A2,1A111A1,3
O2(61(4) = Az — A3,1A1_,11A1,2 A3z — A3,1A1_,11A1,3 '
= As3— A3 1A A3
— (432 — A3,1A1_,11A1,2)(A2,2 — /‘12,11‘11_,111‘11,2)_1 (A2 — A2,1A111A1,3)
Arn A | Ais
Compute, for the very same matrix A = | A2 Az2 | A2;3 | the Schur

Az Asp | Az
complement indicated by the non-dashed lines

A1 A Args
O 23(A) =421 Azp Az

~1
A1 Az A3
=A33— (431 A3p) (A2 . Az,z) (A2,3)
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From

(A1A1 1‘11.2)71
Az A2

Al1+A11A12<A22—A21A11A|2) 1A21A11 —AT A1 2425 — Ay 1 AT A1)
—(Az2 — A2 147, VA ) 1A, 1A| 1 (A2,2—1‘12.11‘11_,111‘1142)71

= 02(01(4)) = O 2(4)

Heredity Principle
Quasi-determinants of quasi-determinants are quasi-determinants

Given any set I = {iy,...,im} C {1,...,k} the heredity principle allows us
to define the quasi-determinant

Or(4) = 0 (04(-+- 0, (4)--+))
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The £-th quasi-determinant is

A A Ay Ak
Arq1 Az Azy Ak
0O =0, —14t1,.. 43 (A) = Al =

A A Ay Agk
Ak,l Ak,z c.. Ak’g - Ak,k
Last quasi-determinant ®)

Al,l A1,2 Al,k

. A2,1 A2,2 e Az’k

0.(4) = 0B (4) = Al s = : :
Ak,l Ak,2 A Ak,k
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Quasi-tau matrices

@ In the 1D scenario the tau functions can be introduced as the
determinant of a truncated moment matrix

% :=detG[k], k=1,2,..., 70 =1
And the relation with Hj is
Tk+1
Hy = %’ Te1 = HpHg—y--- Ho
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Quasi-tau matrices

@ In the 1D scenario the tau functions can be introduced as the
determinant of a truncated moment matrix

% :=detG[k], k=1,2,..., 70 =1
And the relation with Hj is
Tk+1
Hy = %’ Te1 = HeHg—y--- Ho

o Hj = det(Gr+1/GIKly = @, (Glk+1])
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Quasi-tau matrices

@ In the 1D scenario the tau functions can be introduced as the
determinant of a truncated moment matrix

% :=detG[k], k=1,2,..., 70 =1
And the relation with Hj is
Tk+1
Hy = %’ Te1 = HeHg—y--- Ho

o Hy = det(GIkH11/GIKly = @, (Glk+1])

@ The 1D scenario suggests that the squared norms Hj can be
considered as quasi-tau functions (being the tau functions
7% = det G*] determinants of the truncated moment matrix and the
quasi-tau functions Hy = O4(G¥+1) quasi-determinants of the
truncated moment matrix)
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Quasi-tau matrices

@ In the 1D scenario the tau functions can be introduced as the
determinant of a truncated moment matrix

% :=detG[k], k=1,2,..., 70 =1
And the relation with Hj is
Tk+1
Hy = %’ Te1 = HeHg—y--- Ho

o Hy = det(GIkH11/GIKly = @, (Glk+1])

@ The 1D scenario suggests that the squared norms Hj can be
considered as quasi-tau functions (being the tau functions
7% = det G*] determinants of the truncated moment matrix and the
quasi-tau functions Hy = O4(G¥+1) quasi-determinants of the
truncated moment matrix)

@ This extends to the multivariant setting and now we have
Hyg = ©x(GHH1) ©
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The polynomials

The MVOPR associated to the measure du are

" Pagk)
Py(x) = > Sy e (x) =
(=0 P
i)
k1Y) o
Paﬁk) = Z Z Salfk),a}@xaj
(=0j=1

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015
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The MVOPR satisfy for £ =0, 1,...,k — 1 the following relations
| P Paen” = [ P )’ =0

/QP () () (P (x)) T = /Q Py () dpe(x) (g () T = Hgg
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The MVOPR satisfy for £ =0, 1,...,k — 1 the following relations

/ Py (2)du(x) (P )T = / Py (6)d () (g () T = 0
Q Q

/QP () () (P (x)) T = /Q Py () dpe(x) (g () T = Hgg

Orthogonality conditions
For{ =0,1,....k—1,i=1,... k]|, j =1,....|[¢]]

%)
/ Pagk)(x)Pa(_Z)(x)du(x) =/ Pagk>(x)x°‘i du(x) =0
Q [ J Q i

with the normalization conditions (i, j = 1,...,|[k]])

/ Poy; (%) Pog; (x)dp(x) =/ Po; (x)x* dp(x) = Ha; o,
Q Q

v
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Quasi-determinantal expressions

Schur complements

The MVOPR can be expressed as Schur complements of bordered
truncated moment matrices
Grojo1 -+ Gpope-11 | Xo1(x)
Pyy(x) = SC : :
Gr—1000 - Gre—1,e=11 | Xpe—13(x)
o) - G- | 2a®) )
M. Mafias et al (Universidad Complutense) MVOPR and Toda
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Quasi-determinantal expressions

Schur complements

The MVOPR can be expressed as Schur complements of bordered
truncated moment matrices
Gpopo1 -+ Gpope-11 | Xfoj(x)
Py (x) = SC : : :
Gr-11,000 - Gu—1y,e=17 | xpe=13(x)
Gujor - G- | o) )
Quasi-determinants
Groplo1 -+ Gronre—11  X[o1(x)
P (x) = O« : :
Grpo1 -+ Grae-11 xp(x)

v
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The shift matrices

Shift matrices are

0 (Ad)on 0 0
0 0 (A2 0

A, = 0 0 0 (Aa)p21,[31
0

0 0 0

Given any k = ZaD=l kaeq € Zf we define

Ak = AR Ak
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For D = 2 we have

S O OO oo
S O OoOlo o=
S O OO OO
S O OO =IO
S O Ool—= OO0
S O Ol OO
S O —=Oo OO
S = OO OO
— O OO OO
S O OO OO
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For D = 2 we have

|
|

0

1

0 0 0

1

1 0
1

00 0O

0 0|0 0 0 O
1 00 0 0 O

1

0l0 0 0 O

1

00040 00O

1 00 0 0/]0 O O O

1

0

0
070 O
0/0 010
= 0/0 0{]0 O O
0/{0 0{0 O Of0 1 O O
0/{0 0[O0 O OO0 O

Ay

0
0/0 010
0/0 010 O 1

=1 0/0 0j{O0 O OjO I O O
0/{0 0{0 O OO0 O
0/{0 0[O0 O OO0 O O

As
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0[o oo 1T 0o 00 0
0[0 0/0 0 0f[0 T 0 0
0[0 0/0 000010
AAy=AAy=| 0]0 0[0 0 0[0 0 0 0
0/0 0/0 0 0/0 00 0
0[0 0/0 0 0/0 000
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0[o oo 1T 0o 00 0
0[0 0/0 0 0f[0 T 0 0
0[0 0/0 000010
AAy=AAy=| 0]0 0[0 0 0[0 0 0 0
0/0 0/0 0 0/0 00 0
0[0 0/0 0 0/0 000

Properties of the shift matrices

ApAg = Agqg = NgAg, Ar(Ap)T =1

Arx(x) = x*y(x)

v
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String equation and Jacobi matrices

The multivariate string equation

The moment matrix G satisfies Yk € Z?

AkG = G(A)"
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String equation and Jacobi matrices

The multivariate string equation

The moment matrix G satisfies Yk € Z?

AkG = G(A)"

We introduce the following Jacobi type matrices Ji := SAxS~! and
Ja = Jea
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String equation and Jacobi matrices

The multivariate string equation

The moment matrix G satisfies Yk € Z?

AkG = G(A)"

We introduce the following Jacobi type matrices Ji := SAxS~! and
Ja = Jea

Properties of Jacobi matrices

The Jacobi type matrices satisfy Yk € Z?

Ji = H U H, JeP =xkp
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The explicit form of the basic Jacobi matrices is

(Ja)orr01  (Jadion.11] 0 0 0
Vauro (o  (Janip 0 0
J, = 0 (Japnn apnezr (Japle 0

0 0 (Vo) UapLpr (Ja)pe

where

T —1
) wik-11 = Hig [ADw-11k1) (Hie=17)

(Ja)k, ikl = B (A k—11,1k1 — (A [k, ke +11Blkc+11-
(Ja) k1, k+1] = A [k, [k+1]
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For D = 2 we have

J1

|
SESISHE K 2
o8 3099 —
OB R JE B S
L B JISEES)
L A JEsl )
L B B JISESIES)
© o —loolo
o~ o|lo o|lo
— o o|lo o|o
S o olo oo
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For D = 2 we have

—
cloocleo o olo olc S —
olo oo o — olo oo —o
oloolo —o olool—=o o
olool—o o olo oo oo
cloocle € & oo — €& € &€
oo~ €& € € o—<c ¢ €€
o< ¢ €€ clocc /€€ €
SIL R LK K — | € €|k of o
— | € € ok o of SIE R LK K
€% koo - € Rk gcooo|-
~—— T~

Il Il

= =
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We introduce the following objects
A:=(A1,....,Ap)T, J:=1,....Jp)"

forn = (n1,....np)" € RP we define the following dot products

D D
n-A:=ZnaAa, n-J:=ZnaJa.
=1 a=1
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We introduce the following objects
A:=(A1,....,Ap)T, J:=1,....Jp)"

forn = (n1,....np)" € RP we define the following dot products
D D
n-A:=ZnaAa, n-J:=ZnaJa.
a=1 a=1

Three term relation

The celebrated Xu's three term relations for k = 1,2, ... are

(n - x) Py (x) = Hygy(m - A) ey gy Hie o1 Prie—11 (%)
+ (B - M) e—11.161 — A k1. ik +11Bke+11) Py (%)
+ (- Ay, k17 Ple+17(x)
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In the 2D case with n = (nl)
na
Olny naff 0O 0O O[O0 O O O
0/0 O01|ny np OO0 O O O
0|0 O} 0 n npl O O O O
n-A = 0,0 0|0 O O|n np O O
00 O0]0 O 0|0 ny ny O
0/0 O]0 O OO0 O ny ny
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Christoffel-Darboux kernels

-1

T - —
KOy = (190) (619) 7 4900 = Y ()T (Hg) ™ Py
k=0

Christoffel-Darboux formula

n-(x—yNKOx,y) = (- Mp_1150 Py ®) T (Hp—1)) " Pre—ny(»)
— Py )T (Hp—1) ™ (- Mpe—r1.00 Prg ()

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 33 /63



The discrete Toda flows

@ D discrete flows we consider an invertible matrix
D
N = (na,b)a,bzl,...,D € GL(R ):

and therefore D linearly independent vectors n, = (ng4,1, . . .,na,D)T,
and a vector ¢ = (ql,...,qD)T € R, where ga #0,a={1,...,D}
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The discrete Toda flows

@ D discrete flows we consider an invertible matrix

N = (ngp)ap=1..p € GLRP),

and therefore D linearly independent vectors n, = (ng4,1, . . .,na,D)T,
and a vector ¢ = (ql,...,qD)T € R?, where ga #0,a={1,...,D}
e For each multi-index m = (my,...,mp)" € ZP we consider the
measure
D
dpim () = [ [ (ma ¥ = ga)™ |apeco).
a=1
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@ We introduce the bounded open convex polytope
R:={xeR?:|n;-x|<l|q|.....|np - x| < |gp|}

and sets Ry :={x € RP : —|ga| < ng-x <|qa|}, a €{1,...,D}
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@ We introduce the bounded open convex polytope
R:={x eR?:|n;-x|<|q1|.....|np - x| < |gp|}

and sets Ry :={x € RP : —|ga| < ng-x <|qa|}, a €{1,...,D}
@ dum has a definite sign in R N supp(u)
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@ We introduce the bounded open convex polytope
R:={x eR?:|n;-x|<|q1|.....|np - x| < |gp|}

and sets Ry :={x € RP : —|ga| < ng-x <|qa|}, a €{1,...,D}
@ dum has a definite sign in R N supp(u)

o If supp u C R, then the moment matrices G(m) of the measures
ditm satisfy

D D

G(m) = (H(na )\ —qa)’"a)G = G( [[a-AT —qa>’"a)

a=1 a=1
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@ Undressed wave matrices

D
Wo(m) := [ ] (na- A —ga)™
a=1
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@ Undressed wave matrices

D
Wo(m) := [ ] (na- A —ga)™
a=1

@ Translations and partial difference

(Tp fYmy,...,mq,...,mp) = f(my,...,mg+1,...,mp)
Agi=T,—1
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@ Undressed wave matrices
D
Wo(m) := [](1a- A —ga)™
a=1

@ Translations and partial difference

(T fY(myq,...,mgq,...,mp) = f(my,...,mg+1,...,mp)
Aa = Ta_l

@ We introduce the following adjoint lattice resolvents

M, = S(T;8)7!
= H((TuS)(na- A —4a)S ™) (TuH)™
=1+ pa

with pg, = H(ng - A)T (T, H) ™!
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@ Wave matrices:

Wy =S W, Wr :=H(S™')
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@ Wave matrices:

Wi =SW,, Ws 2=H(S_1)T

@ Lattice resolvents for each a € {1,..., D}:

wq =T, H)M, H™!
=(TzS)(ng - A —qq)S™1
=0y +ng-A

with oy = (T,H)H ™!
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The quasi-tau matrices H[] are subject to the following
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The quasi-tau matrices H[y] are subject to the following

Discrete Toda equations!

— —1
Ap((AaHp) Hiy ) = (16 - Mg e+ 11 Her 1116 - Mgy ie+11] T (7o Hi)
-1
—(TaHye)[(mp - M e—11,061] " (Ta T Hig—11) ™ (- A pe—11, 1

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 38 /63



The quasi-tau matrices H[y] are subject to the following

Discrete Toda equations!

second partial difference quadratic term in H
T — 1 I .
Ap((AaHp) Hy) = (na - Ay e+ 1 Hies 111 - Ay e+ 1] (To Hig)
—1
—(Ta Hye)lmp - M pe—1y, 060 T (TaTo Hye—1)) ™~ (e A)k—11.14]

quadratic term in H
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o If T,G and G admit Cholesky = LU factorization

‘"a'J_‘]a :Mawa‘

and the UL factorization

’Ta(na'J)_Qa :waMa‘
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o If T,G and G admit Cholesky = LU factorization

‘”a'J_Qa :Maa)a‘

and the UL factorization

’Ta(na'J)_CIa ZwaMa‘

@ In terms of quasi-determinants of the Jacobi matrices

-1

Ug,[k] = Ox(ng - JU+11 _ g qlkt1ly
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Integrability ©

© The wave matrices W; and W5 both satisfy the following linear system

TaW :a)aW
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Integrability ©

© The wave matrices W; and W5 both satisfy the following linear system
TaW :waW
@ The Jacobi matrices n, - J are Lax matrices

Ty(ng - J)wp =wp (ng - J), My Ty(ng - J) = (ng - J)M,,
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Integrability ©

© The wave matrices W; and W5 both satisfy the following linear system
ToW =w W
@ The Jacobi matrices n, - J are Lax matrices
Ty(ng - Nwp =wp (ng -J),  MpTy(ng-J) = (ng - J)Mp
© Zakharov-Shabat equations

(Tawp)wa =(Tpwa)wp, My (TaMp) = Mp(Tp M)
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Quasi-tau functions formule for MOVPR

o From M,T,P = P and wg P = (n-x —qq)T, P we get

Pa,k](Ta P)k—11 + (Ta Pk = Py
g k—1]Pk—11 + (g - M) =11,k Py = (g - x — qa)(Ta P -1
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Quasi-tau functions formule for MOVPR

@ From M T,P = P and wgP = (n-x —qa)T, P we get
Pa,k](Ta P)k—11 + (Ta Pk = Py
Ag k=11 Pk—1] + (g - M) =11,k Py = (Mg - x — qa)(Ta P)re—1)

e When p € ', i.e. ng- p = qq, the important relation appears

E ]

(g - A) =11, Pig(p) = —a k1) Pie—11(P)
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Quasi-tau functions formule for MOVPR

@ From M T,P = P and wgP = (n-x —qa)T, P we get
Pa,k](Ta P)k—11 + (Ta Pk = Py
Ag k=11 Pk—1] + (g - M) =11,k Py = (Mg - x — qa)(Ta P)re—1)

e When p € ', i.e. ng- p = qq, the important relation appears

E ]

@ In the 1D scenario we have for p = ¢/n that
Pr(p) = —ar_1Pr_1(p), and iterating this relation one gets

(g - A) =11, Pig(p) = —a k1) Pie—11(P)

k THk—lTHk—Z TH() _ (—l)k TTk

Pr(q) = (~1 —tk
k(q) = (=1) Hy— Hy— - Ho "

This is a well known expression in terms of Miwa shifts of t-functions
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(ng - A -1, Pry(p) = = jk—11 P—11(p)
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(ng - A)[k—l].[k]P[k](P) = —Ofa.[k—l]P[k—I](P)

ible to clear Py (x)
)[k—l],[k] not left inverse?

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 42 / 63



(ng - A)[k—l].[k]P[k](P) = —Ofa.[k—l]P[k—I](P)

Yep,*ll column rank matrix trick
and e—Penrose pseudo-inverse

5
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@ The matrices (ng - A)[x],[k+1] have a right inverse but do not have a
left inverse, but if we arrange all of them together we get

(n1 - Ak k+1]

[NAJg := c ROIKIIXIk+1]

(np - M)k [k+1]
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@ The matrices (ng - A)[x],[k+1] have a right inverse but do not have a
left inverse, but if we arrange all of them together we get

(n1 - A)[k],[k+1]
[NAl; = :  RDIKIX|k+1]]
(nD + M)k, fk+1]

@ [NA]g is a full column rank matrix = the correlation matrix
[NA]];'—[NA]k e RIk+UXIE+1 s jnvertible and the Moore—Penrose
pseudo-inverse is

[NAJ = (INAILINAL) ' INAL]

which happens to be a left inverse
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@ The matrices (ng - A)[x],[k+1] have a right inverse but do not have a
left inverse, but if we arrange all of them together we get

(n1 - M), lk+1]
[NA]g = . e RPIKIIx|[k+1]|
(D - Ak [k+1]
@ [N A]g is a full column rank matrix = the correlation matrix
[NA]];'—[NA]k e RI+UXIE+1 s jnvertible and the Moore—Penrose
pseudo-inverse is
-1
[NAJE = (INAILINAJL) " [NAT]
which happens to be a left inverse
@ The clearing leads to
Ppy(q) = —[NATG_ [T Hle oy Hy'  Pac—1y ()

T](q)H[k]

where ¢ := (q1,....94) [T(q)H]k = : e RPIKIIX|[K]]
T4 Hy
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Quasi-tau and MOVPR @)

The MVOPR can be expressed in terms of quasi-tau matrices H and its
discrete time translations as follows

Piy(q) = (“DFINAL [TWYD H ey (Hpge—n) ™!
X [NAJF LITNDHY 5(Hye—op) ™" -+ INAIS [TV H]o Hpg)

Bravo!
Another application of our

generalised inverse
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Quasi-tau and MOVPR

The MVOPR can be expressed in terms of quasi-tau matrices H and its
discrete time translations as follows

I

Py (q) = (=D¥INALE [TV HYe_y (Hpge—ny) ™!
< INAJFITWND HY 5 (Hpe—o)) ™" -+ INAIS [T V9 H]o Hig)

This result justifies once again the quasi-tau denomination for Hi as it
reproduces the 1D result. We have not found such an extension for the
function
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Multivariate elementary Darboux transformations

OPRL's elementary Darboux transformations

For D = 1 the important relation derived previously leads to Darboux

transformations

— P9
Pr(q) = —ag Pr—1(q) — O = ——5———~
This is not true in D > 1 Pr_1(q)

gives the so called kernel polynomials

TPea1 () = (Pel) = Pelo) s Pect ()

—()

which is the standard elementary Darboux transformation for the OPRL

v
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Multivariate elementary Darboux transformations

OPRL's elementary Darboux transformations

For D =1 the important relation derived previously leads to Darboux
transformations

' Prq)

This is not true in D > 1

gives the so called kernel polynomials

TPen1(6) = = (Pelo) = Pel@) 5 Pea ()

—()

which is the standard elementary Darboux transformation for the OPRL

Lire mon article
Sur une proposition relative aux équations linéaires

publiés en 1882 dans Comptes Rendus
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Multivariate elementary Darboux transformations

OPRL's elementary Darboux transformations

For D = 1 the important relation derived previously leads to Darboux

transformations

— 10
Pr(q) = —ag Pr—1(q) — A = —7———~
This is not true in D > 1 Pk—l(Q)

gives the so called kernel polynomials

1 1
TP () = (Pl = Pel@) p— s P ()

which is the standard elementary Darboux transformation for the OPRL

v

It can be written as a quasi-determinant (a very trivial one indeed!!)

o. [ Fx-1@)  Pe-1(x)
\ Plg)  Pr(x)

TPr_1(x) = Y —q
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For D > 1 andp such that n- p = g we have

[

o Pig(p) = —(n - A ie+11 Pie+11(P)

\ 4
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For D > 1 andp such that n- p = g we have

oz[k] Piy(p) = —(n - M)y k+1) Pie+11(p)

Is it .clear the matrix variable o;?
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For D > 1 andp such that n- p = g we have

Ol[k]P[k](P) = —(n - Ay pe+11 Pre+11(p)

Ye;.ne sample matrix trick
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Sample matrix trick

Nodes, sample matrices and poised sets

Given the set {p;,... py)} C at ={xeRP:x-n=gq} CRP, whose
elements are known as nodes, we consider the sample matrices

= = (Pa(p) - Pu(p)) € REXIE

The set {py,... p|x))} of nodes is said to be a poised set for the

interpolation polynomials { P, }L[];”l if the sample matrix E][‘k] is invertible,
i.e. det Bfi; # 0.
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Sample matrix trick

Nodes, sample matrices and poised sets

Given the set {p;,... py)} C at ={xeRP:x-n=gq} CRP, whose
elements are known as nodes, we consider the sample matrices

= = (Pa(p) - Pu(p)) € REXIE

The set {py,... p|x))} of nodes is said to be a poised set for the

K]l k

interpolation polynomials { Py, },—; if the sample matrix E[k] is invertible,

i.e. det Bfi; # 0.

For a poised set {py,..., pr))} C nt C RP of nodes we can write

k k1
o) = — (- M) e+ 112 417 (Zfg)
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The multivariate degree one Darboux transformation

Given a poised set {py,... pj)|} C 7t € RP of nodes we have the
following expressions of the degree one Darboux transformed MVOPR, the
kernel polynomials TP (x) associated with (n-x — ¢g)du(x), in terms of
quasi-determinants of the original MVOPR

»k P
(TP)y(x) = (n-x — q)_l(n . A)[k],[k—l—l]@*( (k] k] (x) )

S P+ @)
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The multivariate degree one Darboux transformation

Given a poised set {py,... pj)|} C nt C RP of nodes we have the
following expressions of the degree one Darboux transformed MVOPR, the
kernel polynomials TP (x) associated with (n-x — ¢g)du(x), in terms of
quasi-determinants of the original MVOPR

sk P (x)
(TP)y(x) = (n-x —q) " (n- Ny ik+11© (k]
“ eI kaﬂ] Pl413(x)

Quasi-tau matrices transform according

sk Hy
(TH)kp = (n - A) ), e+1]Ox (Ek[k] ([) ])
[k+1]
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Polynomial Darboux transformations

Ooh, what about a
degree m polynomial Darboux transformations??
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Polynomial Darboux transformations

° 9 You mean du(x) - Q(x)du(x) with
with Q(x) a multivariate polynomial of deg Q@ = m??
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Polynomial Darboux transformations
9
2
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Polynomial Darboux transformations

Well, as is pointed out in Gabor Szegd’s book

) for D = 1 this was already answered for du = dx
by Elwin Bruno Christoffel back in 1858
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Polynomial Darboux transformations

Die tranformierten Polpnome {ind

pn(x) ... Pn+m(x)
1 pn(q1) -
c(x—=q1)(x—gqm)

Pn+m(q1)

Pn(@m) - Pn+m@m)

M. Mafias et al (Universidad Complutense)

MVOPR and Toda

February 2nd, 2015



Polynomial Darboux transformations

You know, I'm interested in the multivariate case
D >1
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Resolvents

@ Degree m multivariate polynomial

Q = Z QW deg Q(j) = Q(m) £ 0
=0
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Resolvents

@ Degree m multivariate polynomial

m
Q = ZQ(J') deg Q(j) = Q(m) £ 0
=0

@ Polynomial Darboux transformation and resolvent

Tdu(x) = Q(x)du(x) o =(TS)Q(A)S™!
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Structure of the resolvent

The degree m resolvent w can be expressed in diagonals as follows

w= Q™)
| F— |
m-th superdiagonal

+(THQ" V() - Q"D (M)

(m — 1)-th superdiagonal

+ (TH)H™!
| I |

diagonal
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The sample matrix trick again

@ The MOVPR satisfy Q(x)TP(x) = wP(x)
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The sample matrix trick again

@ The MOVPR satisfy Q(x)TP(x) = wP(x)
e For any element p in the zero set Zq := {x € RP? : Q(x) = 0} we
have the important relation

O[], lk+m] Plk+m1(P) + o, k+11 Pik+m—11(P) + -+ + o, k1 Py (p) = 0
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The sample matrix trick again

@ The MOVPR satisfy Q(x)TP(x) = wP(x)

o For any element p in the zero set Zg := {x € R? : Q(x) = 0} we
have the important relation

O[], lk+m] Plk+m1(P) + o, k+11 Pik+m—11(P) + -+ + o, k1 Py (p) = 0

’)}l[k+l i , i €{l,...,m}, we use the notation

@ For the sets {

EEZ K and we suppose that Ul_l{p(l)}l[k il um 7@+ s a
k Kk —
Piy(x) I 2{,’;? +m=1
poised set for : e . . £0
Pusnn)/ [ siph, .. s
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Clearing the omegas

Then
(“’[k],[k] w[k],[k+m—1])
1),k (m)k+m—1\ ~1
(1).k (m) ke S
— 1), m),k+m—1 . .
= ket (Z[k+m] o Xietm) ) : :
»(D.k 5 (m)k+m—1
lk+m—1] *°° [k4+m—1]
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Multivariate quasi-determinantal Christoffel formula

p Jetm—
ZE’Q Egc'i) A=l P[k] (x)
T (QA) (], [k+m] ) . )
k() = T@)* : ¢
1),k (m),k+m—1
Siim 0 Zlam Pkem (%)

o
99
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Irreducible polynomials and Darboux transformations

@ For D =1 polynomials in C all the irreducible polynomials have
degree one and all polynomials are factorizable in terms of
irreducible polynomials. Thus, all polynomial Darboux
transformations are reachable by iteration.
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Irreducible polynomials and Darboux transformations

@ For D =1 polynomials in C all the irreducible polynomials have
degree one and all polynomials are factorizable in terms of
irreducible polynomials. Thus, all polynomial Darboux
transformations are reachable by iteration.

o The situation in D > 1 is radically different. There are many
irreducible polynomials of degree higher than one. Hence, an
irreducible polynomial Darboux transformation is not reachable by
iterations.
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Irreducible polynomials and Darboux transformations

@ For D =1 polynomials in C all the irreducible polynomials have
degree one and all polynomials are factorizable in terms of
irreducible polynomials. Thus, all polynomial Darboux
transformations are reachable by iteration.

@ The situation in D > 1 is radically different. There are many
irreducible polynomials of degree higher than one. Hence, an
irreducible polynomial Darboux transformation is not reachable by
iterations.

@ Therefore, degree one Darboux transformations do not deserve
the name of elementary for D > 1.
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Continuous Toda flows

@ Covector of time variables

t =(to}- 111> - - - ) Ik =(Za(lk),...,ta‘([/§()“), [aﬁk) eR
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Continuous Toda flows

@ Covector of time variables

t =(t[0],t[1],...), t[k] =(Za§k),...,ta‘([l§()”), ta§k> €R

@ Deformation matrix is
oo |[k]|

Wo(t, m) —eXP(Z Zf (k)A (k)) l_[("a A —qa)™

k=0j=1
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Continuous Toda flows

@ Covector of time variables

t =(to)- 111> - - - ) k] =(Za§k),...,ta‘([/§()“), [aﬁk) €R
@ Deformation matrix is
oo |[k]|
Wo(t,m) = eXp(Z Zl (k)A <k>) l_[(na A —qa)™
k=0j=1

@ Deformed moment matrix G(t,m) := Wy(t,m)G
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t =(to)- 111> - - - ) k] =(Za§k),...,ta‘([/§()“), [aﬁk) €R
@ Deformation matrix is
oo |[k]|
Wo(t,m) = eXp(Z Zl (k)A <k>) l_[(na A —qa)™
k=0j=1

@ Deformed moment matrix G(¢,m) := Wy(t,m)G
k1| (k)

o I(x):=1x(x)=) 72 Ozl_l a<k>x %
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Continuous Toda flows

@ Covector of time variables

t =(t[0],t[1],...), k] =(Za§k),...,ta‘([/§()“)’ taﬁk) €R

@ Deformation matrix is

oo |[K]|
Wo(t,m) = eXp(Z Zl (k)A <k>) l_[(na A —qa)™

k=0j=1

@ Deformed moment matrix G(¢,m) := Wy(t,m)G

o
o 1(x) :=1tx(x) =L oZl[—]ll fqoX %

@ The deformed moment matrix is the moment matrix of the following
deformed measure
D
dir,m(x) = el ) dum(x) = e! ) [ 1_[ (’la X = ‘]a)mu]dﬂ(x)

a=1
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@ The Cholesky factorization
G(t,m) = (S(t,m)) " H(t,m)((S(t,m))™")"
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@ The Cholesky factorization
G(t,m) := (S(t,m) " H(t, m)((S(t,m)~1)"
@ The wave semi-infinite matrices are

Wi(t.m) = S(t.m)Wo(t.m), Wa(t.m) = H(t.m)((S(t.m))"")"
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@ The Cholesky factorization

G(t.m) := (S(t.m)) " H(t.m)((St.m))™")"
@ The wave semi-infinite matrices are

Wi(t.m) := S(t,m)Wy(t,m), Ws(t,m) := H(t,m)((S(t,m))_l)T

@ Baker functions are defined by

Wy = Wiy, W, = Wz)(*,
while adjoint Baker functions are given by
W= Tt W= H
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@ The Cholesky factorization
G(t,m) = (S(t.m)) " H(t,m)((S(t,m))™")"

@ The wave semi-infinite matrices are
Wi(t,m) := S(t,m)Wy(t,m), W,(t,m) := H(t,m)((S(t,m))_l)T

@ Baker functions in terms of MVOPR and its multivariate Cauchy
transforms (second kind functions)

(V1)a; (2) = e!® [ 1_[ g - Z_Qa ]Pa (z,t,m)

D
_ (Z) _ de(yvt)
(\Dz)ui(z)_et [ 1:[ ng -z Qa :I/Q (Zl—yl)"'(ZD—yD)dM(y)

[

_ Py (y.t,m)
UDa; () =Y (Ht.m) Vo, a; < d
(Vi () = 2 (10D R e e
I[&]]
(W), (2) = D (H(@E,m) Naj o, Pa, (z,1,m)
j=1
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The hierarchy

© The Baker functions solve the linear system of differential equations

aw ow*
8t(xj =(a (@)) Mo,

T
— (Ja;_e))+\11

v
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The hierarchy

© The Baker functions solve the linear system of differential equations

v ow*
8ta1 =(a w)) Mo,

T
— (Ja;_e))_i_\ll

oP ;
Do, = —e 4 (Ja;@)_I_P

v

M. Mafias et al (Universidad Complutense) MVOPR and Toda February 2nd, 2015 58 / 63



The hierarchy

© The Baker functions solve the linear system of differential equations

v ow*
3ta, (J (e)) o,

-
— (Ja;_e))+‘11

=—x%P + (Joc_g.l))-i-P
. aJa(-k)
© Lax equations: 5=~ = [(Ja(_e>)+, Ja(ln]
o J 0

J

v
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The hierarchy

© The Baker functions solve the linear system of differential equations

v ow*
8ta1 =(a w)) Mo,

T
— (Ja;_e))_i_\ll

@ The MVOPR are solutions of 3‘3: = —x% P+ (Ja;a)+P
. aJa(.k)
© Lax equations: W = [(Ja;_e>)+, quk)]
J

@ Zakharov-Shabat type equations:

B(Jagk))+ 3(.]0((_6))_,_

dt, B 3%:('0 + [(Jal(.k))+’ (Ja;@)_‘_] =0
J i

dwg
Oty

— (TaJo)+wa + wa(Jo)+ =0

v
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Bilinear equations
For any pair of times (¢, m) and (t/,m’), points rq € i);‘(z)(t’,m’) and
J
ra € O a0 (t,m) in the respective domains of convergence and
12

D-dimensional tori T2 (r1) and TP (r,) (Shilov borders of polydisks) we
can ensure that Baker and adjoint Baker functions satisfy the following
bilinear identity

/ (V1) 0 (2,1, m)(¥7) ) (z,t',m")dzy ---dzp
T2 (r1) i )

- / (lp2)a(k) (Z, f, m)(quk)a(z) (29 t/9 m/)le tee dZD
TP (r2) i g
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The quasi-tau matrices H[] are subject to the following
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The quasi-tau matrices H[g] are subject to the following

Toda equations!
J (BH[k] -1

_ T -1
9\ a1, H[k]) = (AL + 1 e+ [(Ap) i k+1] Hig
T.. _
— Hyg[(Ap)pe—11.1] Higlyg(Aa)fe—11.1x)
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The quasi-tau matrices H[x] are subject to the following

Toda equations!
second partial difference

I 1 quadratic term in H
90 (9Huy 1\ _' T 1
@(WHU‘]) = (Al k+11Hie+11[(Ap) e +11] " Higg

— Hygl(Ad-11,061] " Hpel (A a) - 11,141

quadratic term in H
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The KP style

Linear systems

Baker functions W1, W5 are both solutions of

N oW — (BuB)(a- AW
ong

(d = i Vap + Vo)V
8t(a,b) - 3taal‘b 22 o7

v PP p v, 0w oW
T gdtydte  “Por. T %, o,

(a,bc)

BVab aVca Wy
<4y, )\p
(8tc + oty + A1, t V@b

B2 ApAe — L ApBAc. Here fis

=nq-V,V, b= 81{3 Ap and Va,b,c =

v

61/ 63

the first subdiagonal of S and ﬂ(z) the second subdlagonal

MVOPR and Toda February 2nd, 2015

M. Mafias et al (Universidad Complutense)



@ The previous linear systems are expressed in terms of the subdiagonals
of S, which are the coefficients of the MOVPR and that can be
expressed in terms of quasi-determinants of bordered truncated
moment matrices. In particular 8 is important in the description of
the hierachy and of the Toda equations
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@ They form a hierarchy of compatible equations, these are just the
three first
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of S, which are the coefficients of the MOVPR and that can be
expressed in terms of quasi-determinants of bordered truncated
moment matrices. In particular 8 is important in the description of
the hierachy and of the Toda equations

@ They form a hierarchy of compatible equations, these are just the
three first

@ The compatibility of these equations gives nonlinear for the
coefficients B®) (i-th subdiagonal) involved (up to the order of the
highest time, 2 and 3 in the previous examples, minus one)
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@ The previous linear systems are expressed in terms of the subdiagonals
of S, which are the coefficients of the MOVPR and that can be
expressed in terms of quasi-determinants of bordered truncated
moment matrices. In particular 8 is important in the description of
the hierachy and of the Toda equations

@ They form a hierarchy of compatible equations, these are just the
three first

@ The compatibility of these equations gives nonlinear for the
coefficients B®) (i-th subdiagonal) involved (up to the order of the
highest time, 2 and 3 in the previous examples, minus one)

o They are equations that involve only one site in the lattice,
only coefficients at a site k appear!!
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@ The previous linear systems are expressed in terms of the subdiagonals
of S, which are the coefficients of the MOVPR and that can be
expressed in terms of quasi-determinants of bordered truncated
moment matrices. In particular 8 is important in the description of
the hierachy and of the Toda equations

@ They form a hierarchy of compatible equations, these are just the
three first

@ The compatibility of these equations gives nonlinear for the
coefficients B®) (i-th subdiagonal) involved (up to the order of the
highest time, 2 and 3 in the previous examples, minus one)

o They are equations that involve only one site in the lattice,

only coefficients at a site k appear!!
@ For the MOVPR the two first are

P
an[ L (g x —da)Da Pir] — qa Pli) — (DaB) k) (na - M) k111, 1k1 Plx
a
Py Pl Sl Py
8t(ab)()_8t 8[()4- a b(x)+ B (x)

B
—( P (Ab)[k 1Lk T Ftb](Aa)[k—l],[k]>P[k](x)
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