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Motivation: Lewis 1947
For a given f .x/ determine a polynomial …k.x/ of deg � k that
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Preliminaries

� (1962-1973) Integration by parts period (Althammer, Schäfke
and Wolf)

� (1990-2000) Coherent Pairs + Discrete case (Iserles, Koch,
Nørsett and Sanz-Serna; Marcellán, Petronilho, Perez, Piñar;
de Bruin, Meijer ...)

� (2000-*) Asymptotics, Generalizations: Matrix, several
variables,...
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Preliminaries

Sobolev matrix of measures S

Given N 2 N and finite Borel measures f�i;j g0�i;j�N ,
supp.d�i;j / D �i;j

S WD

0BBBBBBBBB@

d�0;0 d�0;1 : : : d�0;N 0 : : :

d�1;0 d�1;1 : : : d�1;N 0 : : :
:::

:::
: : :

:::
:::

d�N;0 d�N;1 : : : d�N;N 0 : : :

0 0 0 0 : : :
:::

:::
:::

: : :

1CCCCCCCCCA
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Preliminaries

Sobolev bilinear form
.�; �/S W RŒx� � RŒx� �! R associated with S is defined

.p; q/S WD

NX
l;kD0

D
p.l/; q.k/

E
l;kD

p.l/; q.k/
E
l;k
WD

Z
�l;k

dlp
dxl

dkq
dxk

d�l;k.x/
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Preliminaries

Sobolev bilinear form
.�; �/S W RŒx� � RŒx� �! R associated with S is defined

.p; q/S WD

NX
l;kD0

D
p.l/; q.k/

E
l;kD

p.l/; q.k/
E
l;k
WD

Z
�l;k

dlp
dxl

dkq
dxk

d�l;k.x/

Comments:

� Condition j.xi ; xj /S j <1 8i; j 2 N

� The case N �!1 is included
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Preliminaries. Examples

� Standard case N D 0

.p; q/S D

Z
�

p.x/q.x/d�.x/ $ S D

0B@d�.x/ 0 : : :

0 0 : : :
:::

:::
: : :

1CA
� Diagonal case

.p; q/S D

NX
kD0

hp.k/; q.k/ik  ! S D

0BBBBBBBBBB@

d�0 0 : : : 0 : : : : : :

0 d�1
: : :

::: : : : : : :
:::

: : :
: : : 0

0 : : : 0 d�N
: : :

:::
:::

: : : 0
: : :

:::
:::

: : :
: : :

1CCCCCCCCCCA
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Preliminaries. Examples

� Particular case with N D 2

.p; q/S D

Z
p.x/q.x/!.x/dx C p0.a/q0.a/C

Z
p00.x/q0.x/�.x/dx

S D

0BBBB@
!.x/dx 0 0 : : :

0 ı.x � a/ 0 : : :

0 �.x/dx 0 : : :
:::

: : :
:::
: : :

1CCCCA
� General case

.p; q/S WD

NX
l;kD0

hp.l/; q.k/il;k

D

Z
�
.p; p0; : : : ; p.N//

0BBB@
d�0;0 d�0;1 : : : d�0;N
d�1;0 d�1;1 : : : d�1;N
:::

:::
: : :

:::

d�N;1 d�N;2 : : : d�N;N

1CCCA
0BBB@

q

q0

:::

q.N/

1CCCA
7



Preliminaries. Examples

� Particular case with N D 2

.p; q/S D

Z
p.x/q.x/!.x/dx C p0.a/q0.a/C

Z
p00.x/q0.x/�.x/dx

S D

0BBBB@
!.x/dx 0 0 : : :

0 ı.x � a/ 0 : : :

0 �.x/dx 0 : : :
:::

: : :
:::
: : :

1CCCCA
� General case

.p; q/S WD

NX
l;kD0

hp.l/; q.k/il;k

D

Z
�
.p; p0; : : : ; p.N//

0BBB@
d�0;0 d�0;1 : : : d�0;N
d�1;0 d�1;1 : : : d�1;N
:::

:::
: : :

:::

d�N;1 d�N;2 : : : d�N;N

1CCCA
0BBB@

q

q0

:::

q.N/

1CCCA
7



Preliminaries. Gram matrix

Gram matrix
Given a Sobolev bilinear form .�; �/S the corresponding Gram will
be

GS WD

0BBBBBB@
.GS /0;0 .GS /0;1 : : : .GS /0;j : : :

.GS /1;0 .GS /1;1 : : : .GS /1;j : : :
:::

:::
:::

.GS /j;0 .GS /j;1 : : : .GS /j;j : : :
:::

:::
:::

: : :

1CCCCCCA ;
.GS /l;k WD .x

l ; xk/S
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Preliminaries. Gram matrix

Exprwssion in terms of standard moment matrices
It can be written in terms of the standard moment matrices gl;r
of the measures d�l;r

GS D

NX
`;rD0

Dlgl;r.D
r/> D WD

0BBBBBB@
0 0 0 0 : : :

1 0 0 0 : : :

0 2 0 0 : : :

0 0 3 0 : : :
:::

:::
:::

:::

1CCCCCCA
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Gauss–Borel factorization and
Sobolev orthogonality



Gauss–Borel factorization

The factorization
GS admits a Gaussian factorization iff all possible truncations are
not singular, det

�
G
Œk�
S

�
¤ 0 8k D 1; 2; : : : ; in such a case there

exist two semi-infinite lower unitriangular matrices S1; S2 and a
diagonal matrix H D diag.h0; h1; : : : / such that

GS WD S
�1
1 H.S2/

�>
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Sobolev orthogonality

Sobolev polynomial sequences
The monic Sobolev polynomial sequences associated with the
LU -factorized moment matrix GS are defined to be

P1.x/ WD S1�.x/ WD

0BBBBBB@
P1;0.x/

P1;1.x/
:::

P1;k.x/
:::

1CCCCCCA P2.x/ WD S2�.x/ WD

0BBBBBB@
P2;0.x/

P2;1.x/
:::

P2;k.x/
:::

1CCCCCCA
where �.x/ WD .1; x; x2; : : : />.

The last quasi-determinant are, in this case (d is a scalar)

‚�

"
A B

C d

#
D

det

 
A B

C d

!
detA 11
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Sobolev orthogonality

Determinantal expressions
The Sobolev sequences can be expressed by means of the
following quasi-determinantal formulae

P1;k.x/ D ‚�

26666664
G
Œk�
S

1

x
:::

xk�1

.GS /k;0 : : : .GS /k;k�1 xk

37777775

P2;k.x/ D ‚�

26666664
�
G>

S

�Œk� 1

x
:::

xk�1

.G>
S
/k;0 : : : .G>

S
/k;k�1 xk

37777775
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Orthogonality

Sobolev biorthogonal polynomial sequences (SBPS)
The Sobolev sequencesP1 and P2 are biorthogonal

.P1;l ; P2;k/S WD hlıl;k

with the further orthogonality properties

.P1;l ; x
k/S WD ıl;khl 8k � l H)

lX
iD0

kX
jD0

*
P
.i/

1;l
;
djxl

dxj

+
k;j

D

(
0 8k < l

hl k D l

.xk ; P2;l /S WD hrır;l 8k � l H)

kX
iD0

lX
jD0

*
djxl

dxj
; P

.i/

2;l

+
j;k

D

(
0 8k < l

hl k D l
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Sobolev second kind functions

Sobolev second kind functions
For y … �

C1;l.y/ WD

Z
�

lX
kD0

NX
jD0

P
.k/

1;l
.x/d�k;j

"
@j

@xj

�
1

y � x

�#
D

�
P1;l.x/;

1

y � x

�
S

C2;l.y/ WD

Z
�

NX
kD0

lX
jD0

"
@j

@xj

�
1

y � x

�#
d�j;kP

.k/

2;l
.x/ D

�
1

y � x
; P2;l.x/

�
S
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Sobolev second kind functions

Sobolev second kind functions and Gaussian factorization
The associated Sobolev second kind functions admit the following
representation for all y such that jyj > maxfjxj; x 2 �g

C1.y/ D H.S2/
�>��.y/ WD

0BBBBBB@
C1;0.y/

C1;1.y/
:::

C1;k.y/
:::

1CCCCCCA C2.y/ D H.S1/
�>��.y/ WD

0BBBBBB@
C2;0.y/

C2;1.y/
:::

C2;k.y/
:::

1CCCCCCA
with ��.x/ WD 1

x
�. 1
x
/
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Transposing the Sobolev matrix of measures

A natural question is to establish the relation between the SBPS
(and associated second kind functions) that arise from a given
measure matrix S and the ones associated with its transposed S>

Trasposing S

Let PS;a and CS;a with a D 1; 2 denote the SBPS and second
kind functions that arise from the measure matrix S and PS>;a

and CS>;a the ones corresponding to S>. Then, we have

PS;1 D PS>;2 PS;2 D PS>;1

CS;1 D CS>;2 CS;2 D CS>;1

If S D S> then PS;1 D PS;2 and CS;1 D CS;2, and GS D G
>
S

and the LU factorization is a Cholesky factorization, S1 D S2
16
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Sobolev Christoffel–Darboux kernels

The kernels (and ABC theorem)

� Christoffel–Darboux kernel

KŒl�.x; y/ WD

l�1X
kD0

P2;k.x/h
�1
k P1;k.y/ D ŒP2.x/

>�Œl�
�
H�1

�Œl�
ŒP1.y/�

Œl�

D

�
�.x/Œl�

�> �
GŒl�

��1
�.y/Œl�

� Mixed 1st CD kernel

KŒl�1 .x; y/ WD
l�1X
kD0

C2k.x/h
�1
k P1k.y/ D ŒC2.x/

>�Œl�
�
H�1

�Œl�
ŒP1.y/�

Œl�

� Mixed 2nd CD kernel

KŒl�2 .x; y/ WD
l�1X
kD0

P2k.x/h
�1
k C1k.y/ D ŒP2.x/

>�Œl�
�
H�1

�Œl�
ŒC1.y/�

Œl�
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Sobolev Christoffel–Darboux kernels

Reproducing property and projection
The CD Kernel still has the reproducing property�

KŒl�.x; z/;KŒl�.z; y/
�

S
D KŒl�.x; y/

and acts as a projector onto the basis of the SBPS

Christoffel and Geronimus transformations

18



Additive perturbations



Additive perturbations of the Sobolev matrix of measures

Additive perturbation of Gram matrices

Suppose that our Gram matrix can be written as MG D G C g.
Since we assume that G has an associated SBPS, then it must be
LU -factorizable; at the same time, the requirement that the
SBPS associated to MG exists implies that the latter matrix should
be LU -factorizable too

MS�11
MH
�
MS�12

�>
D S�11 H

�
S�12

�>
C g (1)

19



Additive perturbations of the Sobolev matrix of measures

Additive perturbation of Gram matrices. Notation
We introduce the matrices

A WD S1gS
>
2 M1 WD MS1S

�1
1 M2 WD MS2S

�1
2

Connection matrices
The matrices M1;M2 are the connection matrices between
original and perturbed polynomials

M1P1.x/ D MP1.x/ M2P2.x/ D MP2.x/

and provide an Gauss–Borel factorization of the matrix H C A

M�11 H
�
M�12

�>
D H C A

20
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Determinantal expressions
The basis change from the old SBPS to the new one is given

MP1;k.x/ D ‚�

26666664
.H C A/Œk�

P1;0.x/

P1;1.x/
:::

P1;k�1.x/

.A/k;0 .A/k;1 : : : .A/k;k�1 P1;k.x/

37777775

MP2;k.x/ D ‚�

26666664
.H C A/Œk�

.A/0;k

.A/1;k
:::

.A/k;k�1

P2;0.x/ P2;1.x/ : : : P2;k�1.x/ P2;k.x/

37777775

Mhk D ‚�

26666664
.H C A/Œk�

.A/0;k

.A/1;k
:::

.A/k�1;k

.A/k;0 .A/k;1 : : : .A/k;k�1 .H C A/k;k

37777775
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Additive perturbations and applications

Getting more or less known results via Gauss–Borel factorization

Sobolev orthogonality and classical orthogonal polynomials

Coherent pairs and connection formulas

Discrete Sobolev bilinear forms. Uvarov Perturbations

22



Sobolev orthogonality and classical orthogonal polynomials

It is a well known fact that classical orthogonal polynomials can be
regarded as a very specific case of SOPS.

Classical weights
If we denote the classical measures by u
 , where 
 refers to the
parameters that define them, they are

� Hermite: u.x/ D e�x2 ; x 2 R (
 D ¿).

� Laguerre: u˛.x/ D x˛ e�x; ˛ > �1; x 2 RC (
 D f˛g)

� Jacobi: u˛;ˇ .x/ D .1 � x/˛.1C x/ˇ ; ˛; ˇ > �1; x 2 .�1; 1/
(
 D f˛; ˇg)
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Sobolev orthogonality and classical orthogonal polynomials

Use P
 .x/ D S
�.x/ to denote the monic orthogonal polynomials
fP
;ngn associated to each of them in terms of the Cholesky
factorization matrices S
 of the corresponding moment matrix g


Pearson equation

p2.x/
du

dx
D p1;
 .x/u
 pk2 .x/u
 D u
Ck

where degŒp2� � 2 and degŒp1;
 � D 1

� Hermite p1 D �2x, p2 D 1.

� Laguerre p1;˛ D .˛ � x/, p2 D x.

� Jacobi p1;˛;ˇ D �Œ.˛ � ˇ/C .˛ C ˇ/x�, p2 D 1 � x2.

) P.
C1/;n.x/ D
P 0

;nC1

.x/

nC1
) DS
C1 D S
D

�1

24



Sobolev orthogonality and classical orthogonal polynomials

SOPS from classical orthogonal polynomial sequences

The SBPS MPk and norms Mhk for the following inner product

.f; h/ D

Z
f .x/h.x/u
 .x/dx C �

Z
f 0.x/h0.x/u
C1.x/dx � > 0

are given by

MPk.x/ D P
;k.x/ Mhk D h
;k C �k
2h
C1;k�1

25



Sobolev orthogonality and classical orthogonal polynomials

Proof:

A D �S
DS
�1

C1H
C1

�
S
DS

�1

C1

�>
D �DH
C1D

>

D �

0BBBBBBBBB@

0

12h
C1;0

22h
C1;1
: : :

k2h
C1;k�1
: : :

1CCCCCCCCCA
Back to additive perturbations applications

26



Coherent pairs and connection formulas

We are interested in obtaining the SBPS associated to the inner
product

.f; h/coherent WD

Z
f .x/h.x/d�1.x/C �

Z
f 0.x/h0.x/d�2.x/ � > 0

where d�1.x/ and d�2.x/ form a coherent pair of measures, i.e., if
there exist some non zero constants frkg1kD1 such that the
corresponding OPS, fPkg1kD0 and fQkg1kD0, are linked by the
sturcture equations

Qk.x/ D
1

k C 1
P 0kC1.x/ �

rk

k
P 0k.x/

This inner product, in terms of moment matrices reads

MG D g1 C �Dg2D
>

and therefore can be studied from the additive perturbation
approach. 27



Coherent pairs and connection formulas

Let us introduce some notation for the moment matrices, their
factorization and corresponding OPS:

d�1.x/ �! g1 D S
�1H

�
S�1

�T
�! P.x/ D S�.x/

d�2.x/ �! g2 D Z
�1K

�
Z�1

�T
�! Q.x/ D Z�.x/ :

Consider it as an additive perturbation

A D �
�
SDZ�1

�
K
�
SDZ�1

�>

28



Coherent pairs and connection formulas

We introduce the lower matrix R�1

SDZ�1 D

 
0>

R�1

!
D

0BBBBBB@
0 0 0 : : :

1 0 0 : : :

.R�1/1;0 2 0 : : :

.R�1/2;0 .R�1/2;1 3
: : :

:::
:::

:::

1CCCCCCA
So that

AŒk� D

0@ 0 0

0> �
�
RŒk�1�

��1
KŒk�1�

�
RŒk�1�

��>1A
29



Coherent pairs and connection formulas

We introduce the lower matrix R�1

SDZ�1 D

 
0>

R�1

!
D

0BBBBBB@
0 0 0 : : :

1 0 0 : : :

.R�1/1;0 2 0 : : :

.R�1/2;0 .R�1/2;1 3
: : :

:::
:::

:::

1CCCCCCA
So that

AŒk� D

0@ 0 0

0> �
�
RŒk�1�

��1
KŒk�1�

�
RŒk�1�

��>1A
29



Coherent pairs and connection formulas

Then, we deduce that the new SOPS is given by

MPk D Pk.x/��

��
R�1K

�
R�1

�T �Œk�
k�1;0

: : :
�
R�1K

�
R�1

�T �Œk�
k�1;k�2

�

�

��
R�1K

�
R�1

�T �Œk�1�
CH Œk�1�

��10BBB@
P1.x/

P2.x/
:::

Pk�1.x/

1CCCA
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Coherent pairs and connection formulas

SDZ�1Q.x/ D P 0.x/) R�1

0BBB@
Q0

Q1

Q2
:::

1CCCA D
0BBB@
P 01
P 02
P 03
:::

1CCCA )

0BBB@
Q0

Q1

Q2
:::

1CCCA D R
0BBB@
P 01
P 02
P 03
:::

1CCCA
But, due to coherence property, we know that

R D

0BBBBBB@
1

�
r1
1

1
2

�
r2
2

1
3

�
r3
3

: : :
: : :

1CCCCCCA
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Coherent pairs and connection formulas

SDZ�1Q.x/ D P 0.x/) R�1

0BBB@
Q0

Q1

Q2
:::

1CCCA D
0BBB@
P 01
P 02
P 03
:::

1CCCA )

0BBB@
Q0

Q1

Q2
:::

1CCCA D R
0BBB@
P 01
P 02
P 03
:::

1CCCA
But, due to coherence property, we know that

R D

0BBBBBB@
1

�
r1
1

1
2

�
r2
2

1
3

�
r3
3

: : :
: : :

1CCCCCCA
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Coherent pairs and connection formulas

It is now easy to see that after introducing the matrices

r WD

0BBBBBB@
0

r1 0

r2 0

r3
: : :
: : :

1CCCCCCA N WD

0BBBB@
1

2

3
: : :

1CCCCA
We can write

RN D I � r H) R�1 D N .I � r/�1 D N
�
I C r C r2 C : : :

��
RŒk�

��1
D N Œk�

�
IŒk� C r Œk� C � � � C .rk�1/Œk�

�
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Coherent pairs and connection formulas

It is now easy to see that after introducing the matrices

r WD

0BBBBBB@
0

r1 0

r2 0

r3
: : :
: : :

1CCCCCCA N WD

0BBBB@
1

2

3
: : :

1CCCCA
We can write

RN D I � r H) R�1 D N .I � r/�1 D N
�
I C r C r2 C : : :

��
RŒk�

��1
D N Œk�

�
IŒk� C r Œk� C � � � C .rk�1/Œk�

�
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Coherent pairs and connection formulas

Therefore

�
�
R�1K

�
R�1

�T �Œk�
D �N Œk�

�
IŒk� C r Œk� C .r2/Œk� C � � � C .rk�1/Œk�

�
KŒk�

�

�
IŒk� C r Œk� C .r2/Œk� C � � � C .rk�1/Œk�

�>
N Œk�

On the perturbed SOPS

The perturbed SOPS, MPk, depend only on the first k � 1
parameters fr1; r2; : : : ; rk�1g that characterized the coherence
and the norms of the original polynomials.
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Coherent pairs and connection formulas

Therefore

�
�
R�1K

�
R�1

�T �Œk�
D �N Œk�

�
IŒk� C r Œk� C .r2/Œk� C � � � C .rk�1/Œk�

�
KŒk�

�

�
IŒk� C r Œk� C .r2/Œk� C � � � C .rk�1/Œk�

�>
N Œk�

On the perturbed SOPS

The perturbed SOPS, MPk, depend only on the first k � 1
parameters fr1; r2; : : : ; rk�1g that characterized the coherence
and the norms of the original polynomials.
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Coherent pairs and connection formulas

k D 3 connection formula

�
�
R�1K

�
R�1

�T �Œ3�
D �

0B@ K0 2r1K0 3r2r1K0

2r1K0 22.r21K0 CK1/ 2 � 3.r21 r2K0 C r2K1/

3r2r1K0 2 � 3.r21 r2K0 C r2K1/ 32.r21 r
2
2K0 C r

2
2K1 CK2/

1CA
which yields

MP0 D P0; MP1 D P1 MP2 D P2 � �.2r1K0/Œ�K0 CH1�
�1P1

MP3 D P3 � �
�
3r2r1K0 2 � 3.r21 r2K0 C r2K1/

�
�

 
K0 CH1 2r1K0

2r1K0 22.r21K0 CK1/CH2

!�1  
P1

P2

!
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Generalizing coherent pairs

The previous connection formulas for the Sobolev polynomials are a
consequence of the lower bidiagonal structure of R

A possible generalization of the notion of coherent pairs can be
obtained by considering a block bidiagonal R
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Generalizing coherent pairs

Block coherent pairs I
We say that fd�1;d�2g form a m �m block coherent pair if their
associated OPS are related as follows0BBB@

Q0

Q1
:::

Qm�1

1CCCA D .Rm/Œ0�Œ0�
0BBB@
P 01
P 02
:::

P 0m

1CCCA
0BBB@

Qkm

QkmC1
:::

QkmCm�1

1CCCA D .Rm/Œk�Œk�1�
0BBBB@
P 0
.k�1/mC1

P 0
.k�1/mC2
:::

P 0
.k�1/mCm

1CCCCAC .Rm/Œk�Œk�
0BBB@
P 0
kmC1

P 0
kmC2
:::

P 0
kmCm

1CCCA 8k � 1
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Generalizing coherent pairs

Block coherent pairs II
where .Rm/Œk�Œk�1� ; .Rm/Œk�Œk� are m �m blocks and

.Rm/Œk�Œk� D

0BBBB@
1

kmC1

�
1

kmC2
:::

:::
: : :

� � : : : 1
.kC1/m

1CCCCA
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Note that the case m D 1 reproduces just the standard concept of
coherent pairs that we treated before. The case m D 2 contains as
a particular case the symmetrically coherent pairs since 

Q2k

Q2kC1

!
D

 
� 0

0 �

! 
P 0
2k�1

P 0
2k

!
C

 
1

2kC1
0

0 1
2kC1

! 
P 0
2kC1

P 0
2kC2

!
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Now m D 2 and take k D 2

�
R
Œ2�2�
2

��1
D

0BBB@
1

2

3

4

1CCCA
26664I4�4 C

0BBB@
0 0 0 0

0 0 0 0

r2 0 0 0

0 r3 0 0

1CCCA
37775

H) �

�
R�1K

�
R�1

�T�Œ4�
D �

0BBB@
K0 0 3K0r2 0

0 4K1 0 8K1r3

3K0r2 0 9.K2 CK0r
2
2 / 0

0 8K1r3 0 16.K3 CK1r
2
3 /

1CCCA
whence we deduce MP0 D P0; MP1 D P1; MP2 D P2

MP3 D P3 � �
�
3K0r2 0

�" K0 0

0 4K1

!
C

 
H1 0

0 H2

!#�1  
P1

P2

!
MP4 D P4 � �

�
0 8K1r3 0

�
�

264
0B@ K0 0 3K0r2

0 4K1 0

3K0r2 0 9.K2 C k0r
2
2 /

1CAC
0B@H1 0 0

0 H2 0

0 H3

1CA
375
�10B@P1P2

P3

1CA
Back to additive perturbations applications 39



Discrete Sobolev bilinear forms

Adding a discrete Sobolev contribution
Given a set of nodes and their multiplicities fxi ; ni ; migsiD1 let us
study the following Sobolev bilinear function

.f; h/ MS WD .f; h/S C

sX
iD1

ni�1X
kD0

mi�1X
jD0

�
.i/

k;j
h.k/.xi /f

.j /.xi /

MG D G C g

40



Discrete Sobolev bilinear forms: Uvarov perturbations

Jets
Given a function f we introduce the jet vectors

J1Œf .x/� WD
�
f .x1/; : : : f

.n1�1/.x1/; : : : ; f
0.xs/; : : : ; f

.ns�1/.xs/
�

J2Œf .x/� WD
�
f .x1/; : : : f

.m1�1/.x1/; : : : ; f
0.xs/; : : : ; f

.ms�1/.xs/
�

Coupling matrices

We consider the following
P
i ni �

P
i mi matrix

„ WD

0BBBB@
�.1/

�.2/

: : :

�.2/

1CCCCA �.i/ WD

0BBBB@
�
.i/
0;0 �

.i/
0;1 : : : �

.i/
0;mi�1

�
.i/
1;0
:::

�
.i/
ni�1

�
.i/
ni�1;mi�1

1CCCCA
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Discrete Sobolev bilinear forms: Uvarov perturbations

Jets
Given a function f we introduce the jet vectors

J1Œf .x/� WD
�
f .x1/; : : : f

.n1�1/.x1/; : : : ; f
0.xs/; : : : ; f

.ns�1/.xs/
�

J2Œf .x/� WD
�
f .x1/; : : : f

.m1�1/.x1/; : : : ; f
0.xs/; : : : ; f

.ms�1/.xs/
�

Coupling matrices

We consider the following
P
i ni �

P
i mi matrix

„ WD

0BBBB@
�.1/

�.2/

: : :

�.2/

1CCCCA �.i/ WD

0BBBB@
�
.i/
0;0 �

.i/
0;1 : : : �

.i/
0;mi�1

�
.i/
1;0
:::

�
.i/
ni�1

�
.i/
ni�1;mi�1

1CCCCA
41



Discrete Sobolev bilinear forms: Uvarov perturbations

The matrix A
Given an additive perturbation of a discrete Sobolev type form,
the matrix A can be written in terms of the original polynomials as

AŒk� D J1ŒP
Œk�
1 �„J2ŒP

Œk�
2 �>

Proof:

g D J1Œ��„J2Œ��
> AŒk� D S

Œk�
1 gŒk�

�
S
Œk�
2

�>
S
Œk�
1 J1Œ�� D J1ŒP

Œk�
1 � S

Œk�
2 JŒ�� D J2ŒP

Œk�
2 �
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Discrete Sobolev bilinear forms: Uvarov perturbations

The matrix A
Given an additive perturbation of a discrete Sobolev type form,
the matrix A can be written in terms of the original polynomials as

AŒk� D J1ŒP
Œk�
1 �„J2ŒP

Œk�
2 �>

Proof:

g D J1Œ��„J2Œ��
> AŒk� D S

Œk�
1 gŒk�

�
S
Œk�
2

�>
S
Œk�
1 J1Œ�� D J1ŒP

Œk�
1 � S

Œk�
2 JŒ�� D J2ŒP

Œk�
2 �
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Discrete Sobolev bilinear forms: Uvarov perturbations

The CD matrix

Define the following
P
i ni �

P
i mi matrix whose entries are the

derivatives of the CD kernel evaluated at the points fxig up to
f.ni � 1/; .mi � 1/g times.

KŒk� WD
�
J2ŒP

Œk�
2 �

�> �
H Œk�

��1 �
J1ŒP

Œk�
1 �

�
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Discrete Sobolev bilinear forms: Uvarov perturbations

KŒk� WD

0BBBB@
KŒk�
Œ1�Œ1�

KŒk�
Œ1�Œ2�

: : : KŒk�
Œ1�Œs�

KŒk�
Œ2�Œ1�

KŒk�
Œ2�Œ2�

: : : KŒk�
Œ2�Œs�

KŒk�
Œs�Œ1�

KŒk�
Œs�Œ2�

: : : KŒk�
Œs�Œs�

1CCCCA
where KŒk�

Œi�Œj �
is the following matrix0BBBBBB@

�
KŒk�.xi ; xj /

�.0;0/ �
KŒk�.xi ; xj /

�.0;1/
: : :

�
KŒk�.xi ; xj /

�.0;nj�1/�
KŒk�.xi ; xj /

�.1;0/ �
KŒk�.xi ; xj /

�.1;1/
: : :

�
KŒk�.xi ; xj /

�.1;nj�1/
�
KŒk�.xi ; xj /

�.mi�1;0/ �
KŒk�.xi ; xj /

�.mi�1;1/
: : :

�
KŒk�.xi ; xj /

�.mi�1;nj�1/

1CCCCCCA
With

�
KŒk�.xi ; xj /

�.t;d/
WD

@tCdKŒk�.x;y/

@xt@yd
j.x;y/D.xi ;xj /
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Discrete Sobolev bilinear forms: Uvarov perturbations

Quasideterminantal formulas
The perturbed SBPS via adding a discrete part can be represented
in terms of the following involving only the original SBPS.

MP1;k.x/ D

 
I C KŒk�„ J2ŒK

Œk�.�; x/�>

J1ŒP1;k�„ P1;k.x/

!
MP2;k.x/ D

 
I C„KŒk� „J2ŒP2;k�

>

J1ŒK
Œk�.x; �/� P2;k.x/

!
Here the expression J2ŒK

Œk�.�; x/� .J1ŒK
Œk�.x; �/�/ stands for the

action of the jet J1 (respectively J2), on the first (second)
variable of K.
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Discrete Sobolev bilinear forms: Uvarov perturbations

Alternative formulas
The perturbed SBPS via adding a discrete part can be represented
in terms of the following involving only the original SBPS.

MP1;k.x/

D

�
�J1ŒP1;k �„

�
I C KŒk�„

��1 �
J2

h
.P

Œk�/>

2

i�> �
H Œk�

��1
1

� 
P
Œk�
1 .x/

P1;k.x/

!
;

MP2;k.x/

D

� �
P
Œk�
2 .x/

�>
P2;k.x/

� 
�
�
H Œk�

��1
J1ŒP

Œk�
1 �

�
I C„KŒk�

��1
„J2ŒP2;k �

>

1

!

Back to additive perturbations applications
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Integration by parts



Integration by parts

A weight Sobolev case

.p; q/S D
X
i;j

Z b

a

p.i/.x/q.j /.x/!i;j .x/dx

S D

0BBBBBB@

: : :
:::

:::
:::

: : : !i�1;j�1 !i�1;j !i�1;jC1 : : :

: : : !i;j�1 !i;j !i;jC1 : : :

: : : !iC1;j�1 !iC1;j !iC1;jC1
:::

:::
: : :

1CCCCCCA dx
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Integration by parts

Use the integration by parts techniqueZ b

a
p.i/!i;j q

.j /dx

D

8̂̂̂<̂
ˆ̂:
�
R b
a p

.i/!0i;j q
.j�1/dx �

R b
a p

.iC1/!i;j q
.j�1/dx C

h
p.i/.x/!i;j .x/q

.j�1/.x/
ib
a

�
R b
a p

.i�1/!0i;j q
.j /dx �

R b
a p

.i�1/!i;j q
.jC1/dx C

h
p.i�1/.x/!i;j .x/q

.j /.x/
ib
a
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Equivalence classes of matrices of measures

S ! S1 D

0BBBBBB@

: : :
:::

:::
:::

: : : !i�1;j�1 !i�1;j !i�1;jC1 : : :

: : : !i;j�1 � !
0
i;j  0 !i;jC1 : : :

: : : !iC1;j�1 � !i;j . !iC1;j !iC1;jC1
:::

:::
: : :

1CCCCCCAdx

C

0BBBBBB@

: : :
:::

:::
:::

: : : 0 0 0 : : :

: : : ıba!i;j 0 0 : : :

: : : 0 0 0
:::

:::
: : :

1CCCCCCAdx

with ıba D ı.x � b/ � ı.x � a/

49



Integration by parts

S ! S2 D

0BBBBBBBBB@

: : :
:::

:::
:::

: : : !i�1;j�1
!i�1;j � !

0
i;j

"

!i�1;jC1 � !i;j

%
: : :

: : : !i;j�1 0 !i;jC1 : : :

: : : !iC1;j�1 !iC1;j !iC1;jC1
:::

:::
: : :

1CCCCCCCCCA
dx

C

0BBBBBB@

: : :
:::

:::
:::

: : : 0 ıba!i;j 0 : : :

: : : 0 0 0 : : :

: : : 0 0 0
:::

:::
: : :

1CCCCCCAdx
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Integration by parts

Equivalence
All the three matrices S , S1 and S2 give the same Sobolev
bilinear form

.�; �/S D .�; �/S1 D .�; �/S2
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Equivalence classes

Equivalent Sobolev matrices of measures

– Sa � Sb iff .p; q/Sa D .p; q/Sb for every p.x/; q.x/ 2 RŒx�

– Equivalence class ŒSa� D fSb W Sb � Sag

Comments, if Sa � Sb

� Same Gram matrices GSa D GSb

� Same SBPS
�
PSa

�
k
D
�
PSb

�
k
for k 2 N
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�
PSa

�
k
D
�
PSb

�
k
for k 2 N
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Symmetric Sobolev matrices of measures

If S D S> H) S � Diagonal SobolevC boundary terms0BBB@
!0;0 !1;0 !2;0 !3;0

!1;0 !1;1 !2;1 !3;1

!2;0 !2;1 !2;2 !3;2

!3;0 !3;1 !3;2 !3;3

1CCCA � diagCB.T.

with

diag WD diag.!0;0 � !
0

1;0 C !
00

2;0 C !
000

3;0;

!1;1 � !
0

2;1 C !
00

3;1 � 2!2;0 C 3!
0

3;0; !2;2 � !
0

2;3 � 2!3;1; !3;3/

B.T. WD

0BBB@
ıŒ!1;0 � !

0
2;0 � !

00
3;0� ıŒ!2;0 � !

0
3;0� ı!3;0 0

ıŒ!2;0 � !
0
3;0� ıŒ!2;1 � !3;0 � !

0
3;1� ı!3;1 0

ı!3;0 ı!3;1 ı!3;2 0

0 0 0 0

1CCCA
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Christoffel and Geronimus
perturbations



Christoffel perturbations

The matrices ƒ;X

ƒ WD

0BBBBBB@
0 1 0 0 : : :

0 0 1 0 : : :

0 0 0 1 : : :

0 0 0 0
: : :

:::
:::

:::
: : :

: : :

1CCCCCCA ; X WD

0BBBBBB@
x 1 0 0 : : :

0 x 2 0 : : :

0 0 x 3 : : :

0 0 0 x
: : :

:::
:::

:::
: : :

: : :

1CCCCCCA
Multiplication by x and the matrix X

.xf; h/S D .f; h/XS ƒGS D GXS

.f; xh/S D .f; h/SX> GSƒ
>
D GSX>
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Christoffel perturbations

The matrices ƒ;X

ƒ WD

0BBBBBB@
0 1 0 0 : : :

0 0 1 0 : : :

0 0 0 1 : : :

0 0 0 0
: : :

:::
:::

:::
: : :

: : :

1CCCCCCA ; X WD

0BBBBBB@
x 1 0 0 : : :

0 x 2 0 : : :

0 0 x 3 : : :

0 0 0 x
: : :

:::
:::

:::
: : :

: : :

1CCCCCCA
Multiplication by x and the matrix X

.xf; h/S D .f; h/XS ƒGS D GXS

.f; xh/S D .f; h/SX> GSƒ
>
D GSX>
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Christoffel perturbations

Using the matrices ƒ;X
Given two real polynomials P.x/ and Q.x/, we have

.P.x/f;Q.x/h/S D .f; h/P.X/SQ.X/>

P.ƒ/GSQ.ƒ/
>
D GP.X/SQ.X/>

P.X/ is the following upper triangular matrix

P.X/ D

0BBBBBBBB@

P.x/ P 0.x/ P 00.x/ P 000.x/ : : :

0 P.x/ 2P 0.x/ 3P 00.x/ : : :

0 0 P.x/ 3P 0.x/ : : :

0 0 0 P.x/ : : :
: : :

1CCCCCCCCA
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Christoffel perturbations

Observations
If degP D k, then

.P.X//.n�1/;.n�1/Ci D

8<: .n/
i

iŠ
diP.x/

dxi 0 � i � k

0 i > k

If S is a .N C 1/� .N C 1/ measure matrix, then P.X/SQ.X/>

will be a .N C 1/ � .N C 1/ measure matrix
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Christoffel perturbations

The perturbation

Perturbing monic polynomial R.x/ WD
Qd
iD1.x � ri /

mi of degreePd
iD1mi DM and perturbed Sobolev bilinear forms

.f; h/ OSL
D .Rf; h/S .f; h/ OSR

D .f;Rh/S

The right and left Christoffel–Sobolev deformed measure matrices
and moment matrices are

OSL WD R.X/S OSR WD S ŒR.X/�>

R.ƒ/GS D G OSL
WD OGL GS ŒR.ƒ/�

>
D G OSR

WD OGR
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Christoffel perturbations

Connectors
The connectors and adjoint connectors are defined as

O!L WD OSL1R.ƒ/S
�1
1

O�L WD S2 OS
�1
L2

O!R WD OSR2R.ƒ/S
�1
2

O�R WD S1 OS
�1
R1

Relations
The connectors are related to the adjoint connectors

O!L D OHL O�
>
LH

�1
O!R D OHR O�

>
RH
�1
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Christoffel perturbations

Connectors
The connectors and adjoint connectors are defined as

O!L WD OSL1R.ƒ/S
�1
1

O�L WD S2 OS
�1
L2

O!R WD OSR2R.ƒ/S
�1
2

O�R WD S1 OS
�1
R1

Relations
The connectors are related to the adjoint connectors

O!L D OHL O�
>
LH

�1
O!R D OHR O�

>
RH
�1
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Christoffel perturbations

Band structure
.M C 1/ band structure

O! D

0BBBBBB@
O!0;0 O!0;1 : : : O!0;.M�1/ O!0;M 0

0 O!1;1 O!1;M O!1;.MC1/ 0 : : :

0 0
: : :

: : :

O!k;k O!k;kCM�1 O!k;kCM 0
: : :

: : :

1CCCCCCA
where O!k;kCM D 1 and O!k;k D

Ohk
hk

Connection formulas
Deformed and non deformed polynomials are related by the resolvents

O!LP1.x/ D R.x/ OPL1.x/ O�L OPL2.x/ D P2.x/

O!RP2.x/ D R.x/ OPR2.x/ O�R OPR1.x/ D P1.x/
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Christoffel perturbations

Band structure
.M C 1/ band structure

O! D

0BBBBBB@
O!0;0 O!0;1 : : : O!0;.M�1/ O!0;M 0

0 O!1;1 O!1;M O!1;.MC1/ 0 : : :

0 0
: : :

: : :

O!k;k O!k;kCM�1 O!k;kCM 0
: : :

: : :

1CCCCCCA
where O!k;kCM D 1 and O!k;k D

Ohk
hk

Connection formulas
Deformed and non deformed polynomials are related by the resolvents

O!LP1.x/ D R.x/ OPL1.x/ O�L OPL2.x/ D P2.x/

O!RP2.x/ D R.x/ OPR2.x/ O�R OPR1.x/ D P1.x/
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Christoffel perturbations

Transformed and non transformed Christoffel–Darboux
kernel I

KŒnC1�.x; y/ D R.y/ OK
ŒnC1�
L .x; y/ �

�
. OPL2/nC1�M : : : . OPL2/n

�
�

0B@. OhL/�1nC1�M : : :

. OhL/
�1
n

1CA
0B@. O!L/nC1�M;nC1 0

:::
: : :

. O!L/n;nC1 : : : . O!L/n;nCM

1CA
�

0B@.P1/nC1.y/:::

.P1/nCm.y/

1CA
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Christoffel perturbations

Transformed and non transformed Christoffel–Darboux
kernel II

KŒnC1�.y; x/ D R.y/ OK
ŒnC1�
R .y; x/ �

�
. OPR1/nC1�M : : : . OPR1/n

�
�

0B@. OhR/�1nC1�M : : :

. OhR/
�1
n

1CA
0B@. O!R/nC1�M;nC1 0

:::
: : :

. O!R/n;nC1 : : : . O!R/n;nCM

1CA
�

0B@.P2/nC1.y/:::

.P2/nCm.y/

1CA
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Christoffel perturbations

Jet
Given a function f .x/ we define the jet

JRŒf � WD

 
f .0/.r1/

0Š
; : : : ;

f .m1�1/.r1/

.m1 � 1/Š
I : : : I

f .0/.rd /

0Š
; : : : ;

f .md�1/.rd /

.md � 1/Š

!
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Christoffel perturbations

Christoffel formulas for the left Christoffel transformation I
The norms are given in terms of the original ones by means of the
relations

. OhL/n D‚�

26666664
JR

266664
.P1/n

.P1/nC1
:::

.P1/nCM�1

377775
1

0
:::

0

JRŒ.P1/nCM � 0

37777775 hn
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Christoffel perturbations

Christoffel formulas for the left Christoffel transformation II
The Christoffel left transformed polynomials can expressed in
terms of the original ones

. OP1L/n.x/ D
1

R.x/
‚�

26666664
JR

266664
.P1/n

.P1/nC1
:::

.P1/nCM�1

377775
.P1/n.x/

.P1/nC1.x/
:::

.P1/nCM�1.x/

JRŒ.P1/nCM � .P1/nCM .x/

37777775
. OP2L/n.x/

. OhL/n
D ‚�

266664JR

264 .P1/nC1:::

.P1/nCM

375 0
:::

1

JRŒK
ŒnC1�.x; �/� 0

377775
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Christoffel perturbations

Christoffel formulas for right Christoffel transformations I
The norms are given in terms of the original ones by means of the
relations

. OhR/n D ‚�

26666664
JR

266664
.P2/n

.P2/nC1
:::

.P2/nCM�1

377775
1

0
:::

0

JRŒ.P2/nCM � 0

37777775 hn
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Christoffel perturbations

Christoffel formulas for right Christoffel transformations II
The Christoffel right transformed polynomials can expressed in
terms of the original ones

. OP2R/n.x/ D
1

R.x/
‚�

26666664
JR

266664
.P2/n

.P2/nC1
:::

.P2/nCM�1

377775
.P2/n.x/

.P2/nC1.x/
:::

.P2/nCM�1.x/

JRŒ.P2/nCM � .P2/nCM .x/

37777775
. OP1R/n.x/

. OhR/n
D ‚�

266664JR

264 .P2/nC1:::

.P2/nCM

375 0
:::

1

JRŒK
ŒnC1�.�; x/� 0

377775
66



Geronimus perturbations

The perturbation

Perturbing monic polynomial Q.x/ WD
Qd
iD1.x � qi /

mi of degreePd
iD1mi DM , qi … supp S , and perturbed Sobolev bilinear

forms

.Qf; h/ LSL
D .f; h/S .f;Qh/ LSR

D .f; h/S

The right and left Christoffel–Sobolev deformed measure matrices
and moment matrices are

Q.X/ LSL D S LSRŒQ.X//
>
D S

Q.ƒ/G LSL
D GS G LSR

.Q.ƒ//> D GS
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Geronimus perturbations

The perturbation

LSL WD ŒQ.X/�
�1 S C

sX
iD1

�.i/ı.x � qi /dx

LSR WD S
h
Q.X>/

i�1
C

sX
iD1

�.i/ı.x � qi /dx

�.i/ WD

0BBBBBBBBBBBB@

�
.i/
0;0

0Š0Š

�
.i/
0;1

0Š1Š
: : :

�
.i/
0;mi�1

0Š.mi�1/Š
0 : : :

�
.i/
1;0

1Š0Š

: : :
:::

: : :

�
.i/
mi�1;0

.mi�1/Š0Š

�
.i/
mi�1;mi�1

.mi�1/Š.mi�1/Š
0 : : :

0 : : : : : : 0 0
:::

:::
:::
: : :

1CCCCCCCCCCCCA
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Geronimus perturbations

Connectors

L!L WD LHL LS
�>
1L Q.ƒ

>/S>1 H
�1
D LS2LS

�1
2

L!R WD LHR LS
�>
2R Q.ƒ

>/S>2 H
�1
D LS1RS

�1
1
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Geronimus perturbations

Banded structure

L! D

0BBBBBBBBBBBBBB@

L!0;0 0 : : :

L!1;0 L!1;1
: : :

:::
:::

: : :

L!M;0 L!M;1 L!M;M

0 L!MC1;1 L!MC1;M L!MC1;MC1
:::

: : :
: : :

: : :

L!k;k�M L!k;k
: : :

: : :

1CCCCCCCCCCCCCCA
where L!k;k�M D

Lhk
hk�M

8k > M and L!k;k D 1
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Geronimus perturbations

Q WD

0BBBBBBBBBB@

Q1 Q2 Q3 : : : QM�1 1 0 : : :

Q2 Q3 : : : QM�1 1 0 : : :

Q3 : : : QM�1 1 0 : : :

: : : QM�1 1 0 : : :

QM�1 1 0 : : :

1 0 : : :

0 : : :

1CCCCCCCCCCA
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Geronimus perturbations

Connection formulas
The Geronimus deformed polynomials and the associated second
kind functions are related to the non transformed ones according
to

L!LP2.x/ D LP2L.x/ ) L!LC2.x/ D Q.x/ LC2L.x/ � LHL LS
�>
1L Q�.x/

L!RP1.x/ D LP1R.x/ ) L!RC1.x/ D Q.x/ LC1R.x/ � LHR LS
�>
2R Q�.x/
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Geronimus perturbations

Transformed CD kernels. I

LK
Œk�
R .x; y/ D Q.x/KŒk�.x; y/

�

�
. LP2R/k.x/ : : : . LP2R/kCM�1.x/

�0B@. LhR/�1k : : :

. LhR/
�1
kCM�1

1CA
0B@. L!R/k;k�M : : : . L!R/k;k�1

: : :
:::

. L!R/kCM�1;k�1

1CA
0BBB@
.P1/k�M .y/

.P1/kC1�M .y/
:::

.P1/k�1.y/

1CCCA

73



Geronimus perturbations

Transformed CD kernel. II

LK
Œk�
L .x; y/ D Q.y/KŒk�.x; y/

�

�
. LP1L/k.x/ : : : . LP1L/kCM�1.x/

�0B@. LhL/�1k : : :

. LhL/
�1
kCM�1

1CA
0B@. L!L/k;k�M : : : . L!L/k;k�1

: : :
:::

. L!L/kCM�1;k�1

1CA
0BBB@
.P2/k�M .x/

.P2/kC1�M .x/
:::

.P2/k�1.x/

1CCCA
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Geronimus perturbations

Transformed mixed kernels 8k �M . I

Q.x/KŒk�2 .x; y/ �
�
. LP2R/k.x/ : : : . LP2R/kCM�1.x/

�0B@. LhR/�1k : : :

. LhR/
�1
kCM�1

1CA
0B@. L!R/k;k�M : : : . L!R/k;k�1

: : :

. L!R/kCM�1;k�1

1CA
0BBB@
.C1/k�M .y/

.C1/kC1�M .y/
:::

.C1/k�1.y/

1CCCA
D Q.y/ LKŒk�

2R
.x; y/ �

�
�ŒM�.x/

�>
Q�ŒM�.y/
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Geronimus perturbations

Transformed mixed kernels 8k �M . II

Q.y/KŒk�1 .x; y/ �
�
. LP1L/k.y/ : : : . LP1L/kCM�1.y/

�0B@. LhL/�1k : : :

. LhL/
�1
kCM�1

1CA
0B@. L!L/k;k�M : : : . L!L/k;k�1

: : :

. L!L/kCM�1;k�1

1CA
0BBB@

.C2/k�N .x/

.C2/kC1�M .x/
:::

.C2/k�1.x/

1CCCA
D Q.x/ LKŒk�

1L
.x; y/ �

�
�ŒM�.y/

�>
Q�ŒM�.x/
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Geronimus perturbations

Qi .x/ WD
Q.x/

.x�qi /
mi

„Rj WD

0BBBB@
�
.i/
0;mi�1

�
.i/
0;mi�2

: : : �
.i/
0;0

�
.i/
1;mi�1

: : :
:::

: : :

�
.i/
mi�1;mi�1

�
.i/
mi�1;0

1CCCCA
0BBBBBBBBBB@

Q
.0/

j
.qj /

0Š

Q
.1/

j
.qj /

1Š
: : :

Q
.mj�2/

j
.qj /

.mj�2/Š

Q
.mj�1/

j
.qj /

.mj�1/Š

Q
.0/

j
.qj /

0Š

Q
.mj�2/

j
.qj /

.mj�2/Š
: : :

:::
: : :

Q
.1/

j
.qj /

1Š
Q
.0/

j
.qj /

0Š

1CCCCCCCCCCA
77



Geronimus perturbations

„Lj WD

0BBBB@
�
.i/
mi�1;0

�
.i/
mi�2;0

: : : �
.i/
0;0

�
.i/
mi�1;1

: : :
:::

: : :

�
.i/
mi�1;mi�1

�
.i/
0;mi�1

1CCCCA
0BBBBBBBBBB@

Q
.0/

j
.qj /

0Š

Q
.1/

j
.qj /

1Š
: : :

Q
.mj�2/

j
.qj /

.nj�2/Š

Q
.mj�1/

j
.qj /

.mj�1/Š

Q
.0/

j
.qj /

0Š

Q
.mj�2/

j
.qj /

.mj�2/Š
: : :

:::
: : :

Q
.1/

j
.qj /

1Š
Q
.0/

j
.qj /

0Š

1CCCCCCCCCCA
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Geronimus perturbations

„L WD

0BBBB@
„L1 0 : : : 0

0 „L2 0
: : :

„Ls

1CCCCA ; „R WD

0BBBB@
„R1 0 : : : 0

0 „R2 0
: : :

„Rs

1CCCCA ;

Christoffel formulas for the Geronimus perturbations I
For k �M

. LhR/k D hk�N‚�

26666664
JQ

264.C1/k�M:::

.C1/k�1

375 � JQ

264.P1/k�M:::

.P1/k�1

375„R
1

0
:::

0

JQŒ.C1/k� � JQŒ.P1/k�„R 0

37777775
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Geronimus perturbations

„L WD

0BBBB@
„L1 0 : : : 0

0 „L2 0
: : :

„Ls

1CCCCA ; „R WD

0BBBB@
„R1 0 : : : 0

0 „R2 0
: : :

„Rs

1CCCCA ;

Christoffel formulas for the Geronimus perturbations I
For k �M

. LhR/k D hk�N‚�

26666664
JQ

264.C1/k�M:::

.C1/k�1

375 � JQ

264.P1/k�M:::

.P1/k�1

375„R
1

0
:::

0

JQŒ.C1/k� � JQŒ.P1/k�„R 0

37777775
79



Geronimus perturbations

Christoffel formulas for the Geronimus perturbations II
For k �M

. LP1R/k D ‚�

266664JQ

264.C1/k�M:::

.C1/k�1

375 � JQ

264.P1/k�M:::

.P1/k�1

375„R .P1/k�M
:::

.P1/k�1

JQŒ.C1/k� � JQŒ.P1/k�„R .P1/k.x/

377775

. LP2R/k.x/

. LhR/k
D ‚�

26666666664
JQ

264.C1/k�M:::

.C1/k�1

375 � JQ

264.P1/k�M:::

.P1/k�1

375„R 1
:::

0

Q.x/
�
JQŒK

Œk�
2 .x; �/� � JQŒK

Œk�.x; �/�„R

�
C .�ŒM�.x//>QJQŒ�

ŒM��

0

37777777775
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations III
For k �M

LhLk D hk�M‚�

26666664
JQ

264.C2/k�M:::

.C2/k�1

375 � JQ

264.P2/k�M:::

.P2/k�1

375„L
1

0
:::

0

JQŒ.C2/k� � JQŒ.P2/k�„L 0

37777775
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations IV
For k �M

. LP2L/k D ‚�

266664JQ

264.C2/k�M:::

.C2/k�1

375 � JQ

264.P2/k�M:::

.P2/k�1

375„L .P2/k�M
:::

.P2/k�1

JQŒ.C2/k� � JQŒ.P2/k�„L .P2/k.x/

377775

. LP1L/k.x/

. LhL/k
D ‚�

26666666664
JQ

264.C2/k�M:::

.C2/k�1

375 � JQ

264.P2/k�M:::

.P2/k�1

375„L 1
:::

0

Q.x/
�
JQŒK

Œk�
1 .�; x/� � JQŒK

Œk�.�; x/�„L

�
C .�ŒM�.x//>QJQŒ�

ŒM��

0

37777777775
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Linear spectral transformations

Composing Geronimus and Christoffel
The Sobolev linear spectral deformed measure matrices are
defined to be the composition of both a Geronimus and
Christoffel transformation

QSRL WD
b
. LSR/L D R.X/S

h
Q.X>/

i�1
C

sX
iD1

R.X/�.i/ı.x � qi /

QSLR WD
b
. LSL/R D ŒQ.X/�

�1 SR.X>/C

sX
iD1

�.i/R.X>/ı.x � qi /
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Linear spectral transformations

Composing Geronimus and Christoffel II

.f;Qh/ QSRL
D .Rf; h/S ; .Qf; h/ QSLR

D .f;Rh/S

QSRLQ.X
>/ D R.X/S ; Q.X/ QSRL D SR.X>/

R.ƒ/GS D G QSRL
Q.ƒ>/ Q.ƒ/GS D G QSLR

R.ƒ>/
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Linear spectral transformations

. QP1RL/k.x/ D
1

R.x/

�‚�

26664JR

264 .P1/k�N
:::

.P1/kCM�1

375 ;JQ
264 .C1/k�N

:::

.C1/kCM�1

375 � JQ

264 .P1/k�N
:::

.P1/kCM�1

375„R .P1/k�N
:::

.P1/kCM�1

JRŒ.P1/kCM �;JRŒ.C1/kCM � � JRŒ.P1/kCM �„R .P1/kCM .x/

37775
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Linear differential operators



Linear differential operators

Linear differential operators and Sobolev bilinear forms
The relations

.f 0; h/S D .f; h/ƒ>S DGS D Gƒ>S

.f; h0/S D .f; h/Sƒ GSD
>
D GSƒ

hold

By linearity, we deduce that given any linear differential operator
L WD

P1
n;mD0 an;mx

n dm
dxm , acting on one of the entries of our inner

product, we can translate its action into a matrix multiplying the
initial moment matrix L WD

P1
n;rD0 an;rD

rƒn or into a matrix
multiplying the initial measure matrix L D

P1
n;rD0 an;r.ƒ

>/rXn
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Linear differential operators

Linear differential operators and Sobolev bilinear forms
The relations

.f 0; h/S D .f; h/ƒ>S DGS D Gƒ>S

.f; h0/S D .f; h/Sƒ GSD
>
D GSƒ

hold

By linearity, we deduce that given any linear differential operator
L WD

P1
n;mD0 an;mx

n dm
dxm , acting on one of the entries of our inner

product, we can translate its action into a matrix multiplying the
initial moment matrix L WD

P1
n;rD0 an;rD

rƒn or into a matrix
multiplying the initial measure matrix L D

P1
n;rD0 an;r.ƒ

>/rXn
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Linear differential operators

Linear differential operators and Sobolev bilinear forms

.L1Œf �;L2Œh�/S D .f; h/L1SL>2

L1GS .L2/
>
D GL1S.L2/

>

Matrix of weights
We will assume that the Sobolev matrix has the form

S D Wd�.x/

for a suitable matrix of weights and a given measure �.
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Linear differential operators

Linear differential operators and Sobolev bilinear forms

.L1Œf �;L2Œh�/S D .f; h/L1SL>2

L1GS .L2/
>
D GL1S.L2/

>

Matrix of weights
We will assume that the Sobolev matrix has the form

S D Wd�.x/

for a suitable matrix of weights and a given measure �.
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Linear differential operators

Linear differential operators and matrices of weights
Suppose that a .N C 1/ � .N C 1/ matrix of weights satisfying
det W Œk�.x/ ¤ 0 8x 2 supp W and k D 0; 1 : : : ; N is given, then
the Sobolev bilinear function .f; h/S is equivalent to a generalized
diagonal Sobolev bilinear function

.f; h/S WD

NX
kD0

hLkŒf �;U kŒh�iwkd�

for suitable

Lk D
dk

dxk
C

X
jDkC1

ljk.x/
dj

dxj
; U k D

dk

dxk
C

X
jDkC1

ukj .x/
dj

dxj

and a set of weights fwk.x/gNkD0
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Linear differential operators

The pair S D ffLkg; fU kgg
N
kD0

with

Lk D
dk

dxk
C

X
jDkC1

ljk.x/
dj

dxj
U k D

dk

dxk
C

X
jDkC1

ukj .x/
dj

dxj

is determined by the LU factorization of W by means of the relations

W.x/ D

0BBBBBBBB@

1

l1;0.x/ 1

l2;0.x/ l2;1.x/ 1
:::

:::
: : :

lN;0.x/ lN;1.x/ 1

1CCCCCCCCA
diag.w0; : : : ; wN /

�

0BBBBBBBB@

1 u0;1.x/ u0;2.x/ : : : u0;N .x/

1 u1;2.x/ : : : u1;N .x/

1
: : :

uN�1;N .x/

1

1CCCCCCCCA
89



Linear differential operators

In addition, if each weight wk.x/ is positive definite and
lj;k.x/; uk;j .x/ are polynomials satisfying the relations

j � degŒuk;j .x/� > k and j � degŒlj;k.x/� > k

then GW is LU -factorizable and has a SBPS
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Sobolev biorthogonality and
integrable systems



Sobolev biorthogonality and integrable systems

Continuous ad commuting deformations the Gram matrix
We define the time-deformed moment matrix

GtS D W
t1
1;0GS ŒW

t2
2;0�
�1

where the deformation matrices W1;0.t1/ and W1;0.t2/ are given
by

W
t1
1;0 D exp

0@ 1X
jD0

t1;jƒ
j

1A W
t2
2;0 D exp

0@ 1X
jD0

t2;j

�
ƒ>

�j1A
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Sobolev biorthogonality and integrable systems

The flows for the Sobolev matrix

The deformed moment matrix Gt
S
can be written as the Sobolev

matrix associated to a time dependent measure matrix, this is

GtS D GS t

where the new time dependent matrix off measures is given by

S.t/ WD
�
W1;0.t1; x/

�
S
�
W2;0.t2; x/

��1
With

W1;0.t1; x/ D

24exp

0@ 1X
jD0

t1;jXj

1A35 W2;0.t2; x/ D

24exp

0@� 1X
jD0

t2;j
�
X>

�j1A35
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exp.tX/ D
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We assume the Gauss–Borel factorization holds

Gt D .S t1/
�1H t .S t2/

�>

Deformed Sobolev biorthogonality
The time-dependent matrix polynomials

P t1.x/ D S
t
1�.x/; P t2.y/ D S

t
2�.y/

are biorthogonal �
P t1;n.x/; P

t
2;m.y/

�
S t
D ın;mH

t
n
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Deformed second kind functions
The t .dependent second kind functions are

C t1;n.z/ D

�
P t1;n.x/;

1

z � y

�
S t

�
C t2;n.z/

�>
D

�
1

z � x
; P t2;n.y/

�
ut

Deformed Christoffel–Darboux kernels
The t -dependent Christoffel–Darboux kernel and its mixed
versions are

Ktn.x; y/ D

nX
kD0

.P t2;k.y//
>.H t

k/
�1P t1;k.x/
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�
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�
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�
1
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�
ut

Deformed Christoffel–Darboux kernels
The t -dependent Christoffel–Darboux kernel and its mixed
versions are

Ktn.x; y/ D

nX
kD0

.P t2;k.y//
>.H t

k/
�1P t1;k.x/

95



Sobolev biorthogonality and integrable systems

Sato–Wilson equations

@S1

@t1;j
.S1/

�1
D �

�
S1ƒ

j .S1/
�1
�
�

@S1

@t2;j
.S1/

�1
D

�
QS2
�
ƒ>

�j
. QS2/

�1
�
�

@ QS2

@t1;j
. QS2/

�1
D

�
S1ƒ

j .S1/
�1
�
C

@ QS2

@t2;j
. QS2/

�1
D �

�
QS2
�
ƒ>

�j
. QS2/

�1
�
C

with QS2 D S2H

Here .A/� is the projection of the matrix A onto the space of
strictly lower triangular matrices while .A/C is its projection onto
the space of upper triangular matrices 96
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Proof:

�.S t1/
�1 @S

t
1

@t1;j
.S t1/

�1 QS t2 C .S
t
1/
�1 @

QS t2
@t1;j

D ƒjGt

D ƒj .S t1/
�1 QS t2;

�.S t1/
�1 @S

t
1

@t2;j
.S t1/

�1 QS t2 C .S
t
1/
�1 @

QS t2
@t2;j

D �Gt .ƒj />

D .S t1/
�1 QS t2.ƒ

j />

so that

�
@S t1
@t1;j

.S t1/
�1
C
@ QS t2
@t1;j

�
QS t2
��1
D S t1ƒ

j .S t1/
�1;

�
@S t1
@t2;j

.S t1/
�1
C
@ QS t2
@t2;j

�
QS t2
��1
D � QS t2.ƒ

j />
�
QS t2
��1
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Proof:

�.S t1/
�1 @S

t
1

@t1;j
.S t1/

�1 QS t2 C .S
t
1/
�1 @

QS t2
@t1;j

D ƒjGt

D ƒj .S t1/
�1 QS t2;

�.S t1/
�1 @S

t
1

@t2;j
.S t1/

�1 QS t2 C .S
t
1/
�1 @

QS t2
@t2;j

D �Gt .ƒj />

D .S t1/
�1 QS t2.ƒ

j />

so that

�
@S t1
@t1;j

.S t1/
�1
C
@ QS t2
@t1;j

�
QS t2
��1
D S t1ƒ

j .S t1/
�1;

�
@S t1
@t2;j

.S t1/
�1
C
@ QS t2
@t2;j

�
QS t2
��1
D � QS t2.ƒ

j />
�
QS t2
��1
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2D Toda lattice equations
Using t1;1 D � and t2;1 D �,

@

@�

�@hk
@�
.hk/

�1
�
C hkC1.hk/

�1
� hk.hk�1/

�1
D 0;

Symmetric case: reduction the non-Abelian 1D Toda lattice
equation, where � D �,

@

@�

�@hk
@�
.hk/

�1
�
C hkC1.hk/

�1
� hk.hk�1/

�1
D 0:
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Proof:

@hk

@�
.Hk/

�1
D Uk � UkC1; k 2 f0; 1; : : : g;

@Uk

@�
D hk.hk�1/

�1; k 2 f1; 2; : : : g

where Uk, k D 1; 2; : : : , are U0 D 0 and Uk WD .S t1/k;k�1,
k 2 f1; 2; : : : g
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If hk D e'k

@2'k

@�@�
C e'kC1�'k � e'k�'k�1 D 0:

Symmetric case:

@2'k

@�2
C e'kC1�'k � e'k�'k�1 D 0:

They mix nearest neighbors k � 1; k; k C 1 in the 1D lattice
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If hk D e'k

@2'k

@�@�
C e'kC1�'k � e'k�'k�1 D 0:

Symmetric case:

@2'k

@�2
C e'kC1�'k � e'k�'k�1 D 0:

They mix nearest neighbors k � 1; k; k C 1 in the 1D lattice
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Lax and Zakharov–Shabat matrices

L1 WD S1ƒ.S1/
�1; L2 WD QS2.ƒ/

>. QS2/
�1

B1;j WD
�
.L1/

j
�
C
; B2;j WD

�
.L2/

j
�
�

The zero-curvature formulation of the integrable hierarchy
The Lax matrices are subject to the following

@Li

@tj;k
D
�
Bj;k ; Li

�
and Zakharov–Sabat matrices fulfill the following Zakharov–Shabat
equations

@Bi 0;k0

@ti;k
�
@Bi;k

@ti 0;k0
C
�
Bi;k ; Bi 0;k0

�
D 0
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�
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j
�
C
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�
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j
�
�
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@Li

@tj;k
D
�
Bj;k ; Li

�
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@Bi 0;k0

@ti;k
�
@Bi;k

@ti 0;k0
C
�
Bi;k ; Bi 0;k0

�
D 0
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In contrast with what happens in the standard theory of
deformation of moment matrices, where L1 D L2 (because both
coincide with the tri-diagonal Jacobi matrix responsible for the
usual three term recurrence relation), this is no longer the case in
the Sobolev context.

ƒGS ¤ GSƒ
> and L1 ¤ L2 and we can only infer that L1 and

L2 are Hessenberg matrices
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Wave matrices

W t
1 WDS

t
1W

t1
1;0;

QW t
2 WD

�
QS t2
��>

W
�t2
2;0 D .H

t /�>S t2W
t2
1;0 (2)

where QS t2 WD H
t
�
S t2
��>.

Zakharov–Shabat equations
The wave matrices satisfy the linear systems

@W t
1

@t1;j
DB1;jW

t
1 ;

@W t
1

@t2;j
DB2;jW

t
1

@ QW t
2

@t1;j
D� .B1;j /

> QW t
2

@ QW t
2

@t2;j
D� .B2;j /

> QW t
2
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Baker functions

‰1.t; z/ WD W
t
1�.z/ ‰�2 .t; z/ WD

QW t
2�.z/�

‰�1 .t; z/
�>
WD
�
��.z/

�>
G. QW t

2 /
> ‰2.t; z/ WD W

t
1G�

�.z/;
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Baker functions and the biorthogonal polynomials

‰1.t; z/ D et1.z/ P t1.z/

‰�2 .t; z/ WD e�t2.z/.H t /�>P t2.z/�
‰�1 .t; z/

�>
WD

�
1

z � x
; e�t2.y/ P t2.y/

�
S

.H t /�1

‰2.t; z/ D

�
et1.x/ P t1.x/;

1

z � y

�
S
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Zakharov–Shabat equations
The Baker functions satisfy the linear systems

@‰1

@t1;j
DB1;j‰1;

@‰1

@t2;j
DB2;j‰1

@‰�2
@t1;j

D� .B1;j /
>‰�2 ;

@‰�2
@t2;j

D� .B2;j /
>‰�2

@
�
‰�1
�>

@t1;j
D�

�
‰�1
�>
B1;j ;

@
�
‰�1
�>

@t2;j
D�

�
‰�1
�>
B2;j

@‰2

@t1;j
D.B1;j /

>‰2;
@‰2

@t2;j
D.B2;j /

>‰2
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KP hierarchy

Asymptotic module. I
Given two semi-infinite matrices Z1.t/ and Z2.t/ we say that

� Z1.t/ 2 lW t1
0;1 if Z1.t/

�
W
t1
0;1

��1 is a block strictly lower
triangular matrix.

� Z2.t/ 2 u if Z2.t/ is a block upper triangular matrix.
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Asymptotic module. II
Given two semi-infinite matrices Z1.t/ and Z2.t/ such that

� Z1.t/ 2 lW t1
1;0,

� Z2.t/ 2 u,

� Z1.t/G D Z2.t/.

then Z1.t/ D Z2.t/ D 0

Proof: Observe that

Z1.t/
�
W
t1
0;1

��1�
S1.t/

��1
D Z2.t/

�
QS2.t/

��1
;

and, as in the LHS we have a strictly lower triangular block
semi-infinite matrix while in the RHS we have an upper triangular
block semi-infinite matrix, both sides must vanish and the result
follows 108
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KP hierarchy

Notation

� When A � B 2 lW t1
0;1 we write A D B C lW t1

0;1 and if
A � B 2 u we write A D B C u

� We put all the times t2;j D 0 and consider only continuous
deformation given by the times t1;j , j 2 f1; 2; : : : g, and our
first three times will be denoted by � WD t1;1, � WD t1;2 and
� WD t1;3, Uk WD .S1/k;k�1, k 2 f1; 2 : : : g
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Second and third order linear ODE
Among others the Baker function ‰1 satisfies the following linear
differential equations

@.‰1/k

@�
D
@2.‰1/k

@�2
� 2

@Uk

@�
.‰1/k

@.‰1/k

@�
D
@3.‰1/k

@�3
� 3

@Uk

@�

@.‰1/k

@�
�
3

2

�@2Uk
@�2

C
@Uk

@�

�
.‰1/k
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Proof:
@W1

@�
D

�@S1
@�
C S1ƒ

2
�
W
t1
0;1

@2W1

@�2
D

�@2S1
@�2

C 2
@S1

@�
ƒC S1ƒ

2
�
W
t1
0;1

so that �
@

@�
�
@2

@�2

�
.W1/ D �2

�
@U

@�
ƒ

�
W
t1
0;1 C lW t1

0;1

and, consequently,

Z1 WD

�
@

@�
�
@2

@�2
C 2

@U

@�
ƒ

�
.W1/ 2 lW t1

0;1

On the other hand,

Z2 WD
@ QS2

@�
�
@2 QS2

@�2
C 2

@U

@�
ƒ QS2 2 u
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KP equation
The compatibility of both equations leads to

@

@�

�
4
@Uk

@�
C 6

�@Uk
@�

�2
�
@Uk

@�3

�
�
@2Uk

@�2
D 0

1. Is a non linear equation for the first nontrivial coefficients of
the monic orthogonal polynomials
P1;k.x/ D x

k C Ukx
k�1 C � � �

2. The equation involves only one site, not nearest neighbors as
in the Toda lattice
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