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Motivation: Lewis 1947
For a given f(x) determine a polynomial TI;(x) of deg < k that

minimizes
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Preliminaries

Given N € N and finite Borel measures {1;,j}o<i,j<N.
supp(dpui,j) = i,;

dpo,o dpor ... dpon O .. \
d,ul,() duig ... dMI,N 0 ...
8 — . . . .
dpuno duna ... dunny O
0 0 0 0o ...



Preliminaries

(,-)s : R[x] x R[x] —> R associated with § is defined

(p.q)s = i (p”),q(k)>l’k

1,k=0
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Preliminaries

(.8 : R[x] x R[x] —> R associated with § is defined

N
(p.9)s = > <p(”,q(k)>lk

1,k=0 ’

d pqu
0,0\ ._ 44
<p q )l’k- /sz;k DT ok k(%)

Comments:

e Condition |(x?,x7)g| < 0o Vi,j € N

e The case N — oo is included
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e Standard case N =0
du(x) 0
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Preliminaries. Examples

e Standard case N =0

du(x) 0
(r-)s = [ paane) < s=[ 0 0
e Diagonal case

duo 0 ... 0

0 du )

N : — 0

@s=Y (PP, «— s8=] ' '
: : : 0
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Preliminaries. Examples

e Particular case with N =2
(. 4)s = / pEeEdx + /@) @) + / P (g (v ()

w(x)dx 0 0
0 é(x—a) O
0 v(x)dx O

e General case
N

(P-0s =Y (pV.q®)
1k=0
dpo,o  dpo,r .. dpo,n q
S ) Rl | I
duny dunz ... dunw/ \g™)



Preliminaries. Gram matrix

Gram matrix
Given a Sobolev bilinear form (-,-) s the corresponding Gram will

be
(Gs)oo (Gslog ... (Gg)o,j
(Gs)io (Gs)ia ... (Gs),j
Gg:= : : : ,
(Gs)jo (Gg)ja ... (Gs)j;

(Gs)x = (x',x5)s



Preliminaries. Gram matrix

Exprwssion in terms of standard moment matrices
It can be written in terms of the standard moment matrices g; ,
of the measures dj; ,

0000
N 1000
Gs= Y D'g,DHT D:=]0200
6r=0 0030



Gauss—Borel factorization and
Sobolev orthogonality



Gauss—Borel factorization

G s admits a Gaussian factorization iff all possible truncations are
not singular, det (ch]> #0Vk =1,2,...;in such a case there
exist two semi-infinite lower unitriangular matrices S1, S, and a
diagonal matrix H = diag(hg, h1,...) such that

Gg:= ST H(S:) T

10



Sobolev orthogonality

Sobolev polynomial sequences
The monic Sobolev polynomial sequences associated with the
LU-factorized moment matrix G g are defined to be

P10(x) P2 0(x)
P1,1(x) P>.1(x)
Py(x) := S1x(x) := : Py(x) 1= S2x(x) := :

Py i (x) Py (x)

where y(x) := (1,x,x2,...)".
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Sobolev orthogonality

Sobolev polynomial sequences
The monic Sobolev polynomial sequences associated with the
LU-factorized moment matrix G g are defined to be

P10(x) P2 0(x)
P1,1(x) P>.1(x)
Py(x) := S1x(x) := : Py(x) 1= S2x(x) := :

Py i (x) Py (x)

where y(x) := (1,x,x2,...)".

The last quasi-determinant are, in this case (d is a scalar)

dot%‘%
o [al5]_
d |

det A 11




Sobolev orthogonality

Determinantal expressions

The Sobolev sequences can be expressed by means of the
following quasi-determinantal formulae

Pelld x
P (x) = O, s :
xk—l
| (Gs)ko - (G8)k k-1 xk ]
[k] x
Gl .
Py e (x) = Oy (Gs) :
xk—l
[GPko -+ (GPrk—r | x* ]

12



Orthogonality

The Sobolev sequencesP; and P, are biorthogonal
(P11, Pax)s := hidik

with the further orthogonality properties

Ik il
o dix 0 Vk<l
Ky, . — O =) =
(Pri.x%)g :=81chi Vk <1 ZZ<P1”’ dx/ > . ghl k=1
i=0;=0 k,j
) 0 Vk<lI
k o — < =
(%, Pr)g :=hpdry Vk <1 Zz<dx” > _§h1 k=1
i=0j=0 J.k
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Sobolev second kind functions

Sobolev second kind functions
For y ¢ Q

07 1 1
L) _/ Z ZP( e [336_1 (y —x)} - (Pl’l(x)’ y —X)s

k=0j=0

Caa) = | Zz[ax,( )i|dMJkP(k)(x) (525 Pau)

k=0j=0

14



Sobolev second kind functions

Sobolev second kind functions and Gaussian factorization

The associated Sobolev second kind functions admit the following
representation for all y such that |y| > max{|x|,x € Q}

Cio(y) Cr0(y)
Ci1(y) Cy.1(y)
Ci(y) = H(S2) " x*(y) := : Co(y) = H(S) T x*(») := :

Cri(y) Cor(y)

with x*(x) :== 2 x(3)

15



Transposing the Sobolev matrix of measures

A natural question is to establish the relation between the SBPS
(and associated second kind functions) that arise from a given
measure matrix 8§ and the ones associated with its transposed § T

16



Transposing the Sobolev matrix of measures

A natural question is to establish the relation between the SBPS
(and associated second kind functions) that arise from a given
measure matrix 8§ and the ones associated with its transposed § T
Trasposing §

Let Pg 4 and Cg , with a = 1,2 denote the SBPS and second
kind functions that arise from the measure matrix § and Pg ,
and Cgt , the ones corresponding to 8T. Then, we have

P,S’l = PST,Z P5,2 = PST,I
C/g’l = C/ST,Z C/S,z — CST,I
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Transposing the Sobolev matrix of measures

A natural question is to establish the relation between the SBPS
(and associated second kind functions) that arise from a given
measure matrix 8§ and the ones associated with its transposed § T
Trasposing §

Let Pg 4 and Cg , with a = 1,2 denote the SBPS and second
kind functions that arise from the measure matrix § and Pg ,
and Cgt , the ones corresponding to 8T. Then, we have

P,S’l = PST,Z P5,2 = PST,I
C/g’l = C/ST,Z C/S,z — CST,I

If 8§ =87 then Pg1=Pgrand Cg; =Cg,,and Gg = G}—
and the LU factorization is a Cholesky factorization, S; = S,

16



Sobolev Christoffel-Darboux kernels

The kernels (and ABC theorem)

e Christoffel-Darboux kernel

-1

KW, y) = 3" Poohy " Pyi(y) = [P20) T8 (7)1 [Py o)
k=0

= (x0™)" (61) 20t

17



Sobolev Christoffel-Darboux kernels

The kernels (and ABC theorem)

e Christoffel-Darboux kernel

-1

KW, y) = 3" Poohy " Pyi(y) = [P20) T8 (7)1 [Py o)
k=0

= (x0™)" (61) 20t

e Mixed 1st CD kernel

=1

K y) = 3 Cou et Pie(y) = [C200 11 ()1 [Py (1)
k=0

17



Sobolev Christoffel-Darboux kernels

The kernels (and ABC theorem)

e Christoffel-Darboux kernel

-1

KW, y) = 3" Poohy " Pyi(y) = [P20) T8 (7)1 [Py o)
k=0

= (x0™)" (61) 20t

e Mixed 1st CD kernel

-1
K y) = 3 Cou et Pie(y) = [C200 11 ()1 [Py (1)
k=0

e Mixed 2nd CD kernel

-1

KW, y) = 3 Prh Cie(y) = [P0 T8 () (e o
k=0 17



Sobolev Christoffel-Darboux kernels

Reproducing property and projection

The CD Kernel still has the reproducing property

(KUx,2). KWz, ) - = KOG, )
and acts as a projector onto the basis of the SBPS

C )

18



Additive perturbations



Additive perturbations of the Sobolev matrix of measures

Additive perturbation of Gram matrices

Suppose that our Gram matrix can be written as G = G + g.
Since we assume that G has an associated SBPS, then it must be
LU -factorizable; at the same time, the requirement that the
SBPS associated to G exists implies that the latter matrix should
be LU-factorizable too

9 a0 w fa_a\ T _ T
STUE(S5Y) =sTiH(S7Y) +e (1)

19



Additive perturbations of the Sobolev matrix of measures

Additive perturbation of Gram matrices. Notation

We introduce the matrices

A= SlgS; M1 = §1S1_1 M2 = 5252_1

20



Additive perturbations of the Sobolev matrix of measures

Additive perturbation of Gram matrices. Notation

We introduce the matrices

A= SlgS;_ M1 = 5'151_1 M2 = 5‘252_1

The matrices My, M, are the connection matrices between
original and perturbed polynomials

My Py(x) = Py(x) M3 Py(x) = P(x)
and provide an Gauss—Borel factorization of the matrix H + A
MI'H(M;Y) =H+4

20



Determinantal expressions

The basis change from the old SBPS to the new one is given

Isl,k(x) = O
Isz,k(x) = O
illk = *

(H + A)¥]

P1,o(x)
Pr1(x)

Py j—1(x)

(Do (Aia

(H + AW

(A k-1

Pry(x) |

(A)ok
(A) 1,k

(A k-1

| P2o(x)  P1(x)

(H + AW

Py 1 (x)

Prr(x) |

(A)ok
(A) 1,k

(A) -1,k

(Ak,1

| (Ak0

(A k-1

(H + A |

21



Additive perturbations and applications

Getting more or less known results via Gauss—Borel factorization

22



Sobolev orthogonality and classical orthogonal polynomials

It is a well known fact that classical orthogonal polynomials can be
regarded as a very specific case of SOPS.
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Sobolev orthogonality and classical orthogonal polynomials

It is a well known fact that classical orthogonal polynomials can be
regarded as a very specific case of SOPS.

Classical weights

If we denote the classical measures by u,, where y refers to the
parameters that define them, they are

e Hermite: u(x) = e, xeR (y = 9).

o Laguerre: ug(x) =x%e™™, o> -1, x e Ry (y = {a})

e Jacobi: uy g(x) = (1 —x)%(1 +x)8, a,p>-1, xe(-1,1)
(v ={a.B})

23



Sobolev orthogonality and classical orthogonal polynomials

Use P, (x) = S, x(x) to denote the monic orthogonal polynomials
Y 24 g y

{ Py n}n associated to each of them in terms of the Cholesky

factorization matrices S, of the corresponding moment matrix g,

Pearson equation

du
pZ(X)d_xy = p1y(X)uy Plzc(x)uy = Uytk
where deg[p>] < 2 and deg[p1,,] =1

e Hermite p; = —2x, pp = 1.
e Laguerre p1 o = (@ — x), p2 = X.

o Jacobi piop = —[(@—B) + (@ + p)x], p2 = 1-x>.

P n (x) -
= P(y+1),n(x) = % = (DSy+1=S8,D !

24




Sobolev orthogonality and classical orthogonal polynomials

SOPS from classical orthogonal polynomial sequences

The SBPS Py and norms l;k for the following inner product

(fh) = / SRy (x)dx + A [ £/ (41 (x)dx 4> 0
are given by

Pi(x) = Py (x) hi = hyx + Ak2hy 1 k-

25



Sobolev orthogonality and classical orthogonal polynomials

Proof:

— _ T

(0

127y 41,0
2%hy41.1

2
k hy—i—l,k—l

26



Coherent pairs and connection formulas

We are interested in obtaining the SBPS associated to the inner
product

(f. 1) coherent :=/f(x)h(X)d/L1(X) +?t/f/(X)h/(X)dM2(X) A>0

where duq(x) and duz(x) form a coherent pair of measures, i.e., if
there exist some non zero constants {ry}7> ; such that the
corresponding OPS, {Pr}?2 , and {OQk )72, are linked by the
sturcture equations
1 Tk
Ok(x) = k—-l—lP’;“(x) - ?P,é(x)

This inner product, in terms of moment matrices reads
G=g1+ADgDT

and therefore can be studied from the additive perturbation
approach. 27



Coherent pairs and connection formulas

Let us introduce some notation for the moment matrices, their
factorization and corresponding OPS:

dur(x) — g1 =S 'H (S_l)T — P(x) = Sy(x)

dua(x) — g2 = 271K (27Y) — () = Zx(x) .

Consider it as an additive perturbation

A=2(spz V) K (spz™")'

28



Coherent pairs and connection formulas

We introduce the lower matrix R~!

[ 0 0 B
i 1 0
SDZ7! = = | (R D10 2

=il

- W O OO

(R Y20 (R7YH2

29



Coherent pairs and connection formulas

We introduce the lower matrix R~!

/ 0 0 0 \
1 0 0
1 OT —1
SDZ7 ' =] =R o 2 0
(R 20 (RY21 3
So that
0 (o] 0

=il —T\
CINCENTICOY

29



Coherent pairs and connection formulas

Then, we deduce that the new SOPS is given by

Pe = Pi(x)—A ((R—IK (1!3—1)T)][(k_]1 , (R_IK (R_I)T>;[Ck_]1 k—2)
| Pico)
x [(R_IK (R‘l)T)[k_l] + H["‘”}_l PZ:(X)
Pk—.l(x)

30



Coherent pairs and connection formulas

Qo Py Qo i

P! Pl

SDZ'0(x) = P'(x) = R g; =] = Ouf _r[ %
3

0> P

31



Coherent pairs and connection formulas

Qo Py Qo i

P! Pl

SDZ'0(x) = P'(x) = R g; =] = Ouf _r[ %
3

0> P

But, due to coherence property, we know that

31



Coherent pairs and connection formulas

It is now easy to see that after introducing the matrices

0
ri 0

32



Coherent pairs and connection formulas

It is now easy to see that after introducing the matrices

We can write
RN=I-r=R'=NO-r)"'=NT+r+r>+...)

=il

(R[k]) — NI (I[[k] P 1 B (rk—l)[k]>

32



Coherent pairs and connection formulas

Therefore

k
A (R—lK(R—l)T)[ ]
= ANT (1] 4 4 o2)] g (kR g

x (T 48 4 (B 4 g (k1)) T

33



Coherent pairs and connection formulas

The perturbed SOPS, Py, depend only on the first k — 1
parameters {rq,r2,..., r_1} that characterized the coherence
and the norms of the original polynomials.

33



Coherent pairs and connection formulas

k = 3 connection formula

3]
A (RTK (R

K() 2)‘1 K() 37’2?‘1 K()
=A| 2nkKo 22(r7Ko + K1) 2-3(r?r,Ko + r2K1)

3V2V1K0 2-3(r12r2K0+r2K1) 32(r12r22K0+r22K1 +K2)
which yields

P() = P(), Pl = P1 F)z = P2 —)t(2r1K0)[)tKo aF H]]_lpl
153:P3—/\(3r2r1K0 2-3(r12r2K0+r2K1)>

=l
« K() + H1 2"'1 KO Pl
2r1 Ky 22(}’121(() + K1) + H; P,

34



Generalizing coherent pairs

The previous connection formulas for the Sobolev polynomials are a
consequence of the lower bidiagonal structure of R

A possible generalization of the notion of coherent pairs can be
obtained by considering a block bidiagonal R

35



Generalizing coherent pairs

Block coherent pairs |

We say that {duy,dus} form a m x m block coherent pair if their
associated OPS are related as follows

Qo Py
/
Q;I = (Rm)oj(0) }?2
Om—1 Py,
Qkm P(:k—l)m+1 Plém+1
el (Rm) i1 P(kf)mﬂ + (Rm)piyixg PkTH Vkz1
Qkem-+m—1 Ple—vymsm Fiomm

36



Generalizing coherent pairs

Block coherent pairs Il

where (Rm)xik—1] » (Rm)[k][x] are m x m blocks and

1

km+1
* 3 1+2
m
Rm)re) = :
* * 1
(k+1)m

37



Note that the case m = 1 reproduces just the standard concept of
coherent pairs that we treated before. The case m = 2 contains as
a particular case the symmetrically coherent pairs since

1
O \ _[(* O Py 4 [ Z%F1 (1) Pl
O2k+1 0 = P 0 5z \Poro

38



Now m = 2 and take k = 2

1 0 0 0 0
221\ ! 2 0 0 0
R = I
( 2 ) 3 AR rn 0 0 0
4 0 r 0 0
Ko 0 3Kor2 0
=1 R—IK(R—I)T [l _ 0 4K 0 8K1r3
~ 7| 3Kors 0 9(K> + Kor3) 0
0 8Kirs 0 16(K3 + K1r2)
whence we deduce I30 = Py, Py=P.P=P,
1-1
o Ko 0 H, 0 Py
P3 = P3— (3K 0
2= P24 (3Kor2 0) [( 0 4K1) " ( 0 Hz) (Pz)
Py=Py—2 (0 8K1r3 0)
=1l
Ko 0 3Kora Hy 0 0 Py
x 0 4K 0 +|1 0 Hy O Py
3Kora 0 9(Ka +kor3) 0 Hj P3

» Back to additive perturbations applications

39



Discrete Sobolev bilinear forms

Adding a discrete Sobolev contribution

s

Given a set of nodes and their multiplicities {x;,n;,m;};_, let us

study the following Sobolev bilinear function

s nj—1m;—1

(fhg=fDs+ Y Y 3 0 h® ) fD )
i=1k=0 j=0

G=G+¢g

40



Discrete Sobolev bilinear forms: Uvarov perturbations

Jets

Given a function f we introduce the jet vectors

BLf@] = (G0 SO0 ), fO D ()
ol )] 1= (fO1)eee fTD000) s 1) f D ()

41



Discrete Sobolev bilinear forms: Uvarov perturbations

Jets

Given a function f we introduce the jet vectors

JLf @] = (fE0 o SO0 ), SO0 )
ol )] 1= (fO1)eee fTD000) s 1) f D ()

Coupling matrices

We consider the following ), n; x Y, m; matrix

(@) @) (@)
5(1) olzo Ol,l 908 5ol,m,-—1
£ o . | &
B = g U = "
> ) (i)
S( ) Enl,-—l gnl,-—l,mi—l

41



Discrete Sobolev bilinear forms: Uvarov perturbations

The matrix A4

Given an additive perturbation of a discrete Sobolev type form,
the matrix A can be written in terms of the original polynomials as

AW — g, 1P E g, [PIT

42



Discrete Sobolev bilinear forms: Uvarov perturbations

The matrix A4

Given an additive perturbation of a discrete Sobolev type form,
the matrix A can be written in terms of the original polynomials as

AM = g,[PE g5 PIT
Proof:

e=hlELLT AW = skl (s8]
s¥ 4114 = g [P s g4 = g1

42



Discrete Sobolev bilinear forms: Uvarov perturbations

The CD matrix

Define the following Y, n; x ), m; matrix whose entries are the
derivatives of the CD kernel evaluated at the points {x;} up to
{(nj — 1), (m; — 1)} times.

K = (ga(PP)" (HW) " (320P1)

43



Discrete Sobolev bilinear forms: Uvarov perturbations

(k] [k] (k]
ﬂ(H[l] IKH[Z] . |KH[S]
Kk K*
K& .— | TRI0D TRIRE 0 2]l
[k] [k] [k]
Kt Ktz -+ Ksits)
where ﬂ({f]][j] is the following matrix
(K[k](xi.xj-))(oj()) (K[k](xi-,x]‘))(oyl) (K[k](xi.x,-))(ojnj_l)
(K[k](xi,x]-))(l’()) (K[k] (Xi,xj))(l’l) (K[k](xl_’xj))(l,n_/*l)
(K[k](xi,x]')>(mi_l,0) <K[k](xi,x,-))(mi_l’l) (K[k](xl‘,Xj))(mi_l,nj_l)
) (.d) t+d gkl
Wlth (K[k](xi,xj)> = aa)CI(t—aygx,y)l(x,y)=(x,‘,Xj)

44



Discrete Sobolev bilinear forms: Uvarov perturbations

Quasideterminantal formulas

The perturbed SBPS via adding a discrete part can be represented
in terms of the following involving only the original SBPS.

I+ KKE | gk, x0T
J1[P1 k]E Py (x)

I+ EKM | Egs[Pos]”
F1KF (x ] | Po(x)

Pl,k(x) = (

Pz,k(x) = (

Here the expression go[K¥I(-, x)] (#1[K¥](x,)]) stands for the
action of the jet g1 (respectively ¢2), on the first (second)
variable of K.

45



Discrete Sobolev bilinear forms: Uvarov perturbations

Alternative formulas

The perturbed SBPS via adding a discrete part can be represented
in terms of the following involving only the original SBPS.

ﬁl,k(x)

ﬁz,k(x)
— (gt [k] k! = T
o ) 1 s s

1) P
Py (x)

1

46



Integration by parts




Integration by parts

A weight Sobolev case

b . .
(.05 =Y [ P00 e ()

T 5 Ja
l’.]

Wi—1,j—1 Wi—1,j; ®i—1,j+1
8= Wi, j—1 wj, j Wi, j+1 .. dx

Wi41,j—1 Wi+1,j Oi41,j+1

47



Integration by parts

Use the integration by parts technique

b .
/p(l)wi’jq(])dx
a
b (), ,G—1) b G+1),. . G-1) @) G=1 ]2
—Ja PV jq dx — [; p¥ TV jq dX+[p (X)wj, j (x)q (x)L

b

. . . . . . b
— p(’_l)wl{’jq(/)dx —fab pDg; jgU+Ddx + [p(’—U(x)wi,,»(x)q(ﬂ(x)L

48



Equivalence classes of matrices of measures

Wij—1,j—1 @f=ly)]  @P=ilpjHil
8—)812 a)iyj_l—a)l{’j<— 0 Wi, j+1 .| dx

Wit1,j-1—Wi,j / Witl,j Oi+1,j+1

with 88 = 8(x — b) — 8(x —a)

49



Integration by parts

/
Wi—1,j — @ j Wi—1,j+1 — @i, j

Wi—1,j—1
8§ —> 8 = T 7 dx
Wi, j-1 0 Wi, j+1 :
Wi+1,j—1 Wj41,j Wi+1,j+1
b, . .
0 8jwi; O
+1... 0 0 0 ...|dx

0 0 0

50



Integration by parts

All the three matrices 8, 81 and &, give the same Sobolev
bilinear form

('7')8 = (" ')/Sl = (" ')82

51



Equivalence classes

8a ~ 8 iff (p.q)s, = (p.4)s, for every p(x).q(x) € R[x]

52



Equivalence classes

8a ~ 8 iff (p,q)s, = (P.q) 3, for every p(x),q(x) € R[x]
Equivalence class [8,] = {8y : 8p ~ 84}

Comments, if 8, ~ &

e Same Gram matrices Gg, = Gsg,

52



Equivalence classes

8a ~ 8 iff (p,q)s, = (P.q) 3, for every p(x),q(x) € R[x]
Equivalence class [8,] = {8y : 8p ~ 84}

Comments, if 8, ~ &

e Same Gram matrices Gg, = Gsg,
e Same SBPS (P8a)k = (Pgb)k for k € N

52



Symmetric Sobolev matrices of measures

If § =87 = 8§ ~ Diagonal Sobolev + boundary terms

wo,0 ®W1,0 @W2,0 W30
w1,0 ®W1,1 W21 W3]

’ ~ diag +B.T.
w20 @2,1 W22 W32
w3,0 w31 W32 ®33
with
ua

. . ’ ”

/7 14 ’ 7
1,1 — Wy = w31 — 2602,0 9 30)3,07 w22 — Wy 3 — 20)3,17 CU3,3)

S[w1,0 — @5 o — w3 o] S[wz,0 — @5 o] Swso O

BT :— 8[waz,0 — wé,g] Slwa,1 — w30 — wg,1] Sw3,1 0
56()3,0 8(03,1 86()3,2 0

0 0 0 0

53



Christoffel and Geronimus
perturbations




Christoffel perturbations

The matrices A, X

010 0 x 1 0 0

001 0 0 x 2 0
A:=10 0 0 1 , X:=10 0 x 3

00 0 O 0 0 O

T
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Christoffel perturbations

The matrices A, X

010 O x 1 0 O

001 O 0 x 2 0
A=[0 00 1 . X:=[0 0 x 3

00 0 O 0 0 0 «x
Multiplication by x and the matrix X

(xf.h)s = (fh)xs AGs =Gxs

(f,xh)s = (fih)gxT GsAT = Ggyr
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Christoffel perturbations

Using the matrices A, X

Given two real polynomials P(x) and Q(x), we have

(P(x)f, Q(x)h) s = (f; ) pxysoo)T
P(A)GsQ(AN)T = Gpxysox)T

P(X) is the following upper triangular matrix

(P(x) P'(x) P"(x) P"(x)
0 P(x) 2P'(x) 3P"(x)
0 0 P(x) 3P'(x)

PX)Y=1 0 0 P(x)
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Christoffel perturbations

Observations
If deg P = k, then

() d'P(x)

: ~ 0<i<k
(P(X)(n=1),(n=1)4i = {0” dx

i >k

If 8 isa (N +1)x (N + 1) measure matrix, then P(X)8Q(X)T
will be a (N + 1) x (N + 1) measure matrix
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Christoffel perturbations

The perturbation

Perturbing monic polynomial R(x) := ]_[flzl(x —ri)™i of degree
Z?Zl m; = M and perturbed Sobolev bilinear forms

(fhg, = (Rfh)s (fh)g, = (f Rh)s

The right and left Christoffel-Sobolev deformed measure matrices

and moment matrices are

81 = R(X)S 8r = S[R(X)]"
R(A)Gg = GS’L = GL Gg[R(A)]T = GS’R = éR
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Christoffel perturbations

Connectors
The connectors and adjoint connectors are defined as

o = Sp R(A)ST! Qr = 5,87
QR = 5131;11

DR = SRzR(A)SZ_I
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Christoffel perturbations

Connectors
The connectors and adjoint connectors are defined as

o = Sp R(A)ST! Qp = 8,87}
Or = SpaR(A)S; ! Qg = S$1Sz)
Relations

The connectors are related to the adjoint connectors

o = Hy QL H™! dr = HRQRH ™!
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Christoffel perturbations

Band structure
(M + 1) band structure

@0,0 @0,1 ... DoM—1) @o,M 0
0 @11 OLM O (M+1) 0
d=1] 0 0 '

Op k O jerM—-1 Ok jym O

where aA)k,k_,_M =1 and aA)k,k = %
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Christoffel perturbations

Connection formulas

Deformed and non deformed polynomials are related by the resolvents

&1 P1(x) = R(x) Ppi(x) QP2 (x) = Pa(x)
@R P2(x) = R(x)PRa(x) QrPRri(x) = Pi(x)
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Christoffel perturbations

Transformed and non transformed Christoffel-Darboux

kernel |
K", y) = ROKE ) = (Prawsiou - (Praln)
(hAL);—}—l—M (DL)n+1-Mn+1 0
" . . .
(};L);l (d\)L)n,n+1 o (d)L)n,n+M
(PDn+1(y)
X :
(P)n+m(y)
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Christoffel perturbations

Transformed and non transformed Christoffel-Darboux

kernel 11
K" (y.x) = RO 0.0 = ((Prowsi-m - (Pridn)
(};R);—}-l—M (DR)n+1-Mn+1 0
. . . .
(hr);! @R nnt1 oo (DRt
(P2)n+1(»)
x :
(Pz)n+m(y)
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Christoffel perturbations

Jet

Given a function f(x) we define the jet

SO fm=Dey
gR[f]_< 0| 900y (ml—l)' 9 v ey
FOry) f™ma=D(ry)
o T (mg — 1)
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Christoffel perturbations

Christoffel formulas for the left Christoffel transformation |

The norms are given in terms of the original ones by means of the

relations

(hy)n =Ox

(Pl)n

Pi)n

r ( 1): +1
(PDn+M—-1
FRI(P1)n+M]
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Christoffel perturbations

Christoffel formulas for the left Christoffel transformation Il
The Christoffel left transformed polynomials can expressed in
terms of the original ones

(P)n (P1)n(x)

A ] . (P1)n+1 (P)n+1(x)
(P1L)n(x) = ——0O : :

R(x) ’
(POn+m—1 | | (PDn+m—-1(x)
IRI(P1)n+Mm] (P)n+m(x) o

(P)n+1 | |0
Po)n@) _ o | Ir| :
(hp)n (PDn+m] | 1

| #rK U 1] 0 |
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Christoffel perturbations

Christoffel formulas for right Christoffel transformations |

The norms are given in terms of the original ones by means of the

relations

(]’AlR)n = O«

(PZ)n

P>)n
- ( 2): +1
(P2)n+M—-1
IRI(P2)n+M]
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Christoffel perturbations

Christoffel formulas for right Christoffel transformations Il
The Christoffel right transformed polynomials can expressed in
terms of the original ones

(P2)n (P2)n(x)

A ] - (P2)n+1 (P2)n+1(x)
(P2R)n(x) = ——0Ox : :

R(x) '
(P)n+m—1 | | (P2)n+m—1(x)
JRI(P2)n+m] (P2)n+m(x)

(P2)n+1 0
Pirn() _ o |IR| :
(hR)n (P2)n+m] |1

| #rIKPHI (0] | 0 |
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Geronimus perturbations

The perturbation

Perturbing monic polynomial Q(x) := H;Ll(x —q;i)™i of degree
Zid=l mi = M, q; ¢ supp ¥, and perturbed Sobolev bilinear
forms

(Qfhz =(fh)s (f.Oh)z, = (fh)s

The right and left Christoffel-Sobolev deformed measure matrices
and moment matrices are

Q(X)8, = 8 SRIO(X)T =8
Q(M)Gy =Gs Gz (M) =Gs
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Geronimus perturbations

The perturbation

=[] " 8+ ) ED8(x —gi)dx

i=1
= s[oxn] + 3 £ — gi)ax
i=1
98 HA.
00! 11 0l(m; —1)!
Lo
10!
g(i) — :
Sr(rlz?—l.() Elﬁiz—l.mi—l
(m;—1)!0! (m;—1)!(m;—1)!
0 0 0
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Geronimus perturbations

Connectors

op = HyS;; QANSTH™! = 85185}
v 7 &—T T Trg—1 _ & —1
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Geronimus perturbations

Banded structure

av)(),() 0
CZ)LO CZ)1,1
5= OM0  OM,1 OM,M
0  OM+1.1 OMA1M  OM+1,M+1
Ok k—M Ok k
where Oy x—pr = hkhkM Vk > M and o =1
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Geronimus perturbations

01 02 03 oo Om—1 10
0F) 03 s OM— 1 0
03 Om—1 1 0
0= Om—1 1 0
Om—1 1 0
1 0
0
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Geronimus perturbations

Connection formulas
The Geronimus deformed polynomials and the associated second
kind functions are related to the non transformed ones according
to

L Pa(x) = Pop(x) = &pCa(x) = Q(x)Car(x) — Hr S Qx(x)
@RP1(x) = Pip(x) = @rCi(x) = Q(x)C1r(x) — HrS;x Qx(x)
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Geronimus perturbations

Transformed CD kernels. |
K (x.y) = 00) KW (x, y)

(ER);I
~(Pork) - Pamdern-1(0))

(hR)idpr—

(P)k+1-m ()

(((I)R)k,kM (CDR)k,k—l ) (P)k—m ()

(OR)k+M—1,k—1 (P1)k—1(»)
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Geronimus perturbations

Transformed CD kernel. Il
K@ y) = 000 KM (x, y)

) (};L);l
—(Pr® o Piokm-1)

(hL)ehpg—1

(P2)k+1-m (x)

((@L)k,kM (L)1 ) (P2)k—m (x)

(DL)k+M—1,k—1 (Pz)k.—1 )
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Geronimus perturbations

Transformed mixed kernels Yk > M. |

} ) Ry’
00X ) = (Bar ) - (Pardicr -1 () )
(hR)cy b

] 5 (Ck—m (y)
((wR)k,k—M (GR)k k-1 ) (COk+1-m ()

(@R)k+M—~1k—1 (CDE-1(»)

v T
= 0¥y - (M) Q™)
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Geronimus perturbations

Transformed mixed kernels Yk > M. |l

) ) (h);!
0 = (P ) - Proksm—10)) )
(Dt p1

) 5 (C2)p—n (%)
((wL)k,k—M (OL)k k—1 ) (C2)ks1—pm (x)

(OL)k+M—1,k—1 (Cz)kl—l(x)

v T
= 00X - (M) )
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Geronimus perturbations

Qi(x) := (xg;j.c))m,'

@) @) @)
Som—1  &o m=z 0,0
@)
= El ml—l
‘-‘Rj =
© LG
Sm,-—l,m,-—l émi_l’o
0P@) 2@ 0wy "y
o1 il e (m;=2)! (m; —1)!
0" () Qf(‘mj__ @)
0! (mj—2)!
)
1!
0@))
0!

7



Geronimus perturbations

) @) ()
m;—1,0 m;—2,0 te 0,0
Em; Sm,
- S(t)
=Lj-—
@) (@)
Smi—l,mi—l sO,m,—l
09w 0 @) 0" 2@y 0" @y
0! 1! T (n; —2)! (m;—1)!
;) 0,7 "))
0! (mj—2)!
0"(q;)
1!
09q;)
0!
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Geronimus perturbations
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations |

For k > M
_ .
(Ck—m (P)k—m 0
- Fo : —Jo : ER| .
h = hy_ @* .
(i = R (C1et (Pt :
Fol(Cx] — Fol(PVK]ER 0 |
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations Il
Fork > M
i |:(Cl)kM:| |:(P1)kM:| (P)k—Mm
5 Fo : -0 : ER :
/P = O
i (e (P11 (P11
| Jol(Coil — dol(PViEr | (POR() |
i (C1)k-m (P1)k—M 1]
Fo : -0 : ER :
(C1)k—1 (P1)k-1 0

0(x) (#olKS(x.] - golkWx.ER) | 0

(P2R)k(x) _

S O
(hR)k

+ (M (x) T QgolxM)
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations Il

Fork > M
(Cr—m (P2)rk—m (1)
- o : —Jo : Er | .
Fik = he_pm® :
Hem e (Co)et (P2)k1 .
Fol(C)r] — Fol(P2)k]EL 0 |
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Geronimus perturbations

Christoffel formulas for the Geronimus perturbations IV
For k > M
i {(Cmq {(qu (P2)k—m
5 Fo : -0 : EL :
P = O
2 (C2)i— (P2)i-1 (P2)ic—1
| Jol(Cid - dol(P2)ilEL | (P () |
i (C2)k—m (P2)k—Mm 1]
gQ - gQ B
(C2)g-1 (P2)k—1 0

0(x) (#olKi . 0] - golkWomEL) | o

(P11)k(x) _

s O
(hp)k

+ (M (x)T QoM
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Linear spectral transformations

Composing Geronimus and Christoffel

The Sobolev linear spectral deformed measure matrices are
defined to be the composition of both a Geronimus and
Christoffel transformation

$ar = Grw = ROOS [0XT] + 3 RODED5(x — 1)
i=1
81k i= B0k = [0 SRXT) + > DR TS(x — g)

i=1
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Linear spectral transformations

Composing Geronimus and Christoffel Il

(f,Ohg,, = (Rfh)s, (Qf:h)g, , = (f:Rh)s
SrLO(XT) = R(X)S, Q(X)8gL = SR(XT)
R(MGs =Gz O(AT)  0(A)Gs =Gz R(AT)
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Linear spectral transformations

Prrne®) = 75
(P1)k-nN (Cr-N (P)k-N (Pk-N
><(~)*|V§r’R[ : ],3’Q|: : ]—&’Q|: : :|ER : w
(PDk+M—1 (C)E+M—1 (PDk+M—1 (PDk+M—1
FRIPDk+m1. FRIC Dk +Mm] — FRIPDk+M]IER | (POr+m () ]
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Linear differential operators




Linear differential operators

Linear differential operators and Sobolev bilinear forms

The relations

(f'.h)s = (f.h)pTs DGg =Gprg
(fih')s = (f.h)sa GsD' = Gsy

hold
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Linear differential operators

Linear differential operators and Sobolev bilinear forms

The relations

(f'.h)s = (f.h)pTs DGg =Gprg
(fih')s = (f.h)sa GsD' = Gsy

hold

By linearity, we deduce that given any linear differential operator

L = Z;?m=0 an,mx" (ﬂc—mm, acting on one of the entries of our inner
product, we can translate its action into a matrix multiplying the
initial moment matrix L := Y_° _;an D" A" or into a matrix

multiplying the initial measure matrix £ = Y"° _ an r(AT) X"
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Linear differential operators

Linear differential operators and Sobolev bilinear forms

(L1[f], L2[h])s = (/. h).gl&g;
L1Gg (LZ)T = Gcgl,g(;;z)T
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Linear differential operators

Linear differential operators and Sobolev bilinear forms

(L1[f], L2[h])s = (/. h).glgg;

LIG/S (LZ)T = G£18(£2)T

Matrix of weights

We will assume that the Sobolev matrix has the form
8 = Wdu(x)

for a suitable matrix of weights and a given measure .
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Linear differential operators

Linear differential operators and matrices of weights
Suppose that a (N + 1) x (N + 1) matrix of weights satisfying
det Wkl(x) £ 0 Vx e supp W and k = 0,1..., N is given, then
the Sobolev bilinear function ( f, &) s is equivalent to a generalized
diagonal Sobolev bilinear function

N
(fh)s =D (Lilf1. Uglhl)wyapn
k=0
for suitable
dk d/ dk d/
Le= gt 2 k@gge Uk= g+ 2 wig;
j=k+1 j=k+1

and a set of weights {wk(x)};cvzo
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Linear differential operators

The pair § = {{Lk} {Uk}}',iv o With

dr
—+ ) z,k(x) Up=—2+ > uk,(x)d -

j=k+1 j=k+1

is determined by the LU factorization of ‘W by means of the relations

1

[1,0(x) 1
W(x) = 12’0:()6) Zz’lz(x) : - diag(wo, . ... wy)
INo(x) In1(x) 1
1 ug1(x) wuopa(x) ... ug, N (x)
1 uia(x) ... u,N(x)
" 1
uN—1,N ()

1 89



Linear differential operators

In addition, if each weight wy (x) is positive definite and
ljx(x),ug, j(x) are polynomials satisfying the relations

J —deglug ;(x)] > k and J —deglljx(x)] > k

then Gy is LU-factorizable and has a SBPS

90



Sobolev biorthogonality and
integrable systems




Sobolev biorthogonality and integrable systems

Continuous ad commuting deformations the Gram matrix

We define the time-deformed moment matrix
G8 = WltloGé’[Wzt o]_

where the deformation matrices Wy o(¢1) and Wi o(t2) are given
by

(e,0)
Wlt,lozexp Zfl,j/\] Zo—exp ZIZ’J( )
Jj=0
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Sobolev biorthogonality and integrable systems

The flows for the Sobolev matrix

The deformed moment matrix Gg, can be written as the Sobolev
matrix associated to a time dependent measure matrix, this is

G5 =G
where the new time dependent matrix off measures is given by

8(t) := [Wi0(t1, )] 8 [Wa,0(t2, ¥)]

With

Wio(t1, x) = |:exp (Z l1,jxj)i| Wa (2, x) = |:exp (‘ZtZ,j (X’T)])i|
Jj=0 j=0
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Sobolev biorthogonality and integrable systems

;32 exp(tx)

exp(tX) = 0 0 (2) 22

93



Sobolev biorthogonality and integrable systems

We assume the Gauss—Borel factorization holds

G' = (SDTTH" (ST

Deformed Sobolev biorthogonality

The time-dependent matrix polynomials
P{(x) = Sx(x), Py(y) = S31(»)
are biorthogonal

(Plt,n(x)v P2t,m(y)),gz = Sn,mH,I;

94



Sobolev biorthogonality and integrable systems

Deformed second kind functions

The t.dependent second kind functions are

Chn@ = (Plath =) (€)= (25 Pha0))

St
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Sobolev biorthogonality and integrable systems

Deformed second kind functions

The t.dependent second kind functions are

Chn@ = (Plath =) (€)= (25 Pha0))

81
Deformed Christoffel-Darboux kernels

The t-dependent Christoffel-Darboux kernel and its mixed

versions are

Kh(x.y) =Y (PL) (HD™ Pl (x)
k=0

95



Sobolev biorthogonality and integrable systems

Sato-Wilson equations

051 _ ; _
8t1j(Sl) 1:_(S1AJ(S1) 1)_
) 1 _ TV (& \—1
i CIU R
9S>

o897 = (sia/s0™),

39S,
atz,j

(S)7! = —<§2(AT)j(§2)_l)+
with S, = S, H

Here (A)— is the projection of the matrix A onto the space of
strictly lower triangular matrices while (A)+ is its projection onto
the space of upper triangular matrices 96



Sobolev biorthogonality and integrable systems

Proof:
352
—(S! )— ‘(S) ISE 4+ (SH™' =2 = A/G!
811,]
= AV (SD™'SS,

A
—(S] )_ Si (SH™'85 + (sH™!
2, 8t2,j

= (ST Sy

—Gt(Aj)T
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Sobolev biorthogonality and integrable systems

Proof:
352
—(S! )— 1(S) ISE 4+ (SH™' =2 = A/G!
811,]
= AV (SD™'SS,
1 081 1 = 85 teAJ\T
—(SH™! (D185 + (SH™! =—-G'(A)
2, 8t2,j
= ($H1SEA)T
so that
ast ., aSi 1 ot
S = SIA/(SH7T,
atj(l) 8t](2) 1A (Sy)
9S8! St o
L(sH™ + —2(85) 7" = -§5ANHT(S1) !
3[2/ 8[2,_1
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Sobolev biorthogonality and integrable systems

2D Toda lattice equations
Using t1,1 = n and t2,1 = ¢,

d (dh
a_;(a_:(hk)_l) + g1 (he) ™t = h(hg—) ™' =0,

Symmetric case: reduction the non-Abelian 1D Toda lattice
equation, where n = ¢,

9/l

3_n(3_,7(hk)_1) + M1 (hp) ™t = hg (he—) ™' = 0.
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Sobolev biorthogonality and integrable systems

Proof:
Bhk
(Hk) ' = Uy — Uy, ke{0,1,...},
Ok _ i)™, kel2..)
3
where Uk, k = 1,2,...,are Uy =0 and Uk = (S{)k,k—lv
ke{l,2,...}
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Sobolev biorthogonality and integrable systems

If hy = e¥%
9 px
— K P10k _ oPk—Pk—1 — (),
dgdn
Symmetric case:
2
TOk | onri—ox _ o1 —
an? '
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Sobolev biorthogonality and integrable systems

If hy = e¥%
9 px
— K P10k _ oPk—Pk—1 — (),
dgdn
Symmetric case:
2
TOk | onri—ox _ o1 —
an? '

They mix nearest neighbors k — 1,k,k + 1 in the 1D lattice

100



Sobolev biorthogonality and integrable systems

Lax and Zakharov—Shabat matrices

Ly = S1A(S)™L, Ly = S2(A)T(S2)™!
Blyj = ((Ll)j)+, Bz,j = ((LZ)j)_
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Sobolev biorthogonality and integrable systems

Lax and Zakharov—Shabat matrices

Ly = S1A(S)™L, Ly = $(A) " (S2)™!
Bi; == ((L1)),. By,j = ((L2)7)_

The zero-curvature formulation of the integrable hierarchy

The Lax matrices are subject to the following

and Zakharov—Sabat matrices fulfill the following Zakharov—-Shabat
equations
8B,~r’k/ 8B, k

81,-,/{ Bti/,’k/ + [Bi’lﬁ Bi/’k,] =1

101



Sobolev biorthogonality and integrable systems

In contrast with what happens in the standard theory of
deformation of moment matrices, where L = L, (because both
coincide with the tri-diagonal Jacobi matrix responsible for the
usual three term recurrence relation), this is no longer the case in

the Sobolev context.

AGg # GgAT and Li # L and we can only infer that L, and
L, are Hessenberg matrices

102



Sobolev biorthogonality and integrable systems

Wave matrices

~ ST 17— _
Wi =SIWll, Wi =(S5)" W, = (H) TSI (2)
ot . r(t\~ T
where S} := H'(S3) .
Zakharov—Shabat equations

The wave matrices satisfy the linear systems

L — LLA—

ory,; L o !

R) A4 - R) A4 5
3 I A 2 = (By,) W}
tl,j 3t2,j
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Sobolev biorthogonality and integrable systems

Baker functions

Wi (t,2) == Wi (2) W3 (,2) = Wy x(2)
(T5(t,2) = (") GWHT  Wa(t,2) := Wi Gx*(2),
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Sobolev biorthogonality and integrable systems

Baker functions and the biorthogonal polynomials
Vi (t,2) = 1@ P{(2)
Wi (t,z) = e 2O (H)TTPL(z)
1
(070.2) o= (e P )
zZ—X 8

1
Wa(t,z) = (e"(x) P{(x), —)
z2=Y)s
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Sobolev biorthogonality and integrable systems

Zakharov—Shabat equations

The Baker functions satisfy the linear systems

ow v,
% ! =By, V1, % =B, ;¥
1,j 2,j
ow* o>
o =—(B1,)) 93, 2 =—(B2,))' ¥
1,j 12,j
T T
E)tll)- =—(¥7) Bi,, (at;)_ =—(¥]) Bz,
. J
=(B1.7) Y, =(By ;) ¥
ey (B1,j) Y2 ey (B2,7) V2
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KP hierarchy

Asymptotic module. |

Given two semi-infinite matrices Z1(¢) and Z,(t) we say that

o Zi(t) € IWOI,I1 if Zl(t)(W(fjll)_1 is a block strictly lower
triangular matrix.
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KP hierarchy

Asymptotic module. |

Given two semi-infinite matrices Z1(¢) and Z,(t) we say that

o Zi(t) € IWOI,I1 if Zl(t)(W(fjll)_1 is a block strictly lower
triangular matrix.

e Z,(t) eu if Z5(¢) is a block upper triangular matrix.
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KP hierarchy

Asymptotic module. Il

Given two semi-infinite matrices Z1(¢) and Z5(t) such that

o Z1(1) e LW/},
o Z5(t) €u,
o Z1(1)G = Z>(1).

then Z1(t) = Z»(t) =0
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KP hierarchy

Asymptotic module. Il
Given two semi-infinite matrices Z1(¢) and Z5(t) such that

o Z1(1) e LW/},
o Z5(t) €u,
o Z1(1)G = Z>(1).

then Z1(t) = Z»(t) =0

Proof: Observe that
ZiWe) " (S100) 7" = Za()(S2(0)

and, as in the LHS we have a strictly lower triangular block
semi-infinite matrix while in the RHS we have an upper triangular
block semi-infinite matrix, both sides must vanish and the result

follows 108



KP hierarchy

Notation

e When A — B e[Woth we writeA=B—+—IW0”11 and if
A—Beuwewrite A=B +u
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KP hierarchy

Notation

e When A — B € [Wot"1 we write A = B + [Wéh and if
A— B euwewrite A=B +u

e We put all the times #5,; = 0 and consider only continuous
deformation given by the times #1 j, j € {1,2,...}, and our
first three times will be denoted by 1 := 11,1, p :=t1,2 and
0= f1,3, U :i= (Sl)k,k—ly ke{l,2...}
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KP hierarchy

Second and third order linear ODE
Among others the Baker function W; satisfies the following linear
differential equations

AW _ PP Uk

= 2 v
AWk PP LU 0(W1)x 3 ,9%°Ux = 03U
= —3 i v
30 = W o 5 ( R )@
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KP hierarchy

Proof:
so that
2- ;_;)Wl) _ _z(g_jA)wggl - OWg

and, consequently,

0 92 ou t
Ziri =7 — 75 +2—A )W I,
1 (ap o )( Vo

On the other hand,

38, 328 U -
Zyi= =2 T2 497" AS, en

dp an? an 111



KP hierarchy

KP equation
The compatibility of both equations leads to

0 (48Uk +6(3Uk)2 8Uk) B 02Uy, _

2 . 0
an\ a6 an an3 dp2
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KP equation
The compatibility of both equations leads to

0 (48Uk +6(3Uk)2 8Uk) B 02Uy, _

2 . 0
an\ a6 an an3 dp2

1. Is a non linear equation for the first nontrivial coefficients of
the monic orthogonal polynomials
Pri(x) = bR o R
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KP equation
The compatibility of both equations leads to

0 (48Uk +6(3Uk)2 8Uk) B 02Uy, _

2 . 0
an\ a6 an an3 dp2

2. The equation involves only one site, not nearest neighbors as
in the Toda lattice
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