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Our setting

Throughout, E ⊂ R (or C) will denote an infinite, compact set
of points.

Recall that the Chebyshev polynomial of degree n is the
monic polynomial Tn with

tn := ‖Tn‖E = inf
{
‖P‖E : deg(P) = n and P is monic

}
.

As usual, ‖ · ‖E denotes the sup-norm on E.

This minimizer always exists and is indeed unique.
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Root asymptotics

Theorem (Fekete–Szegő, 1923–24)
For any compact sets E ⊂ C, one has that

lim
n→∞
‖Tn‖1/n

E = Cap(E).

Theorem (Saff–Totik, 1997)
For any compact and non-polar set E ⊂ C, we have

|Tn(z)|1/n → Cap(E) exp{gE(z)} = exp{−ΦE(z)}

uniformly on compact subsets of C \ cvh(E).
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Strong asymptotics

Our goal is to describe the large n or asymptotic behaviour of
the polynomials Tn(z) in more detail.
How does this depend on the size (=logarithmic capacity) and
geometry of E?

Naturally, we also seek to understand the approximation error
even better.
In particular, how does tn := ‖Tn‖E behave as n→∞?

We shall always scale by Cap(E)n and a certain function B(z)
will show up.
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Faber’s theorem
Let E be a Jordan region in C with analytic boundary.
Denote by B : C \ E→ D be the Riemann map with
B(∞) = 0 and B ′(∞) > 0. This determines B uniquely.
Note that gE(z) = − log |B(z)| so that B ′(∞) = Cap(E).

Theorem (Faber, 1919)
If E is a Jordan region with an analytic boundary, then

lim
n→∞

Tn(z)B(z)n/Cap(E)n = 1

uniformly for z in a neighborhood of the closure of C \ E.
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Elements of the proof
One can start by showing that tn/Cap(E)n → 1.
— this is of course a consequence of Faber’s result!
We already know that tn ≥ Cap(E)n. By the way, this also
follows from the maximum principle since

Tn(z)B(z)n

Cap(E)n

∣∣∣∣
z=∞

= 1.

Using trial polynomials (e.g., Faber polynomials), one can
show that

tn ≤
(
1 + o(n)

)
Cap(E)n.

Faber’s result now follows by Montel’s theorem.
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Widom’s results
Let E ⊂ C be the union of a finite number of disjoint Jordan
regions with C 2+ boundary.
There is no longer a Riemann map from C \ E to D. So how
can we define the function BE?
Since gE is harmonic on C \ E, it has a local harmonic conju-
gate. So one can locally define an analytic function BE(z) on
C \ E obeying

|BE(z)| = exp{−gE(z)}.

Note that BE(z) is only determined by this equation up to a
phase. We fix the phase by demanding that

BE(z) = Cap(E)
z +O(|z |−2) near ∞.
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Widom’s results, cont.
BE is a multivalued function!
It can be continued along any closed curve in C \ E.
Going around a closed curve γ can only change BE by a phase
factor and the monodromy theorem implies that we get the
same continuation for homotopic curves.
Hence, there is a unimodular character χE of the fundamental
group π1(C\E) so that going around γ changes BE by χE([γ]).
Functions of that type are called character automorphic.

One can show that if γ loops (once) around a subset F ⊂ E,
then the phase change in BE is precisely exp{−2πi ρE(F)}.
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Subsets of R
Let us return to Chebyshev and suppose that E ⊂ R.
We have defined the period-n sets En and provided a formula
for the Green’s function:

gn(z) = 1
n log

∣∣∣∣∣∆n(z)
2 +

√(
∆n(z)

2

)2
− 1

∣∣∣∣∣.
Since BE is closely related to gE, we should be able to express
Bn (the B-function of En) by means of ∆n. Indeed, one has

Bn(z)n = ∆n(z)
2 −

√(
∆n(z)

2

)2
− 1,

Bn(z)−n = ∆n(z)
2 +

√(
∆n(z)

2

)2
− 1.
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Widom’s results, cont.

And now to the asymptotics .....
Just as in Faber’s case, we want to consider

Tn(z)BE(z)n/Cap(E)n

and try to understand what happens as n→∞.

But there is no longer a limit!
For BE(z) is character automorphic (with character χE), and
so is BE(z)n — it has character χn

E which is changing with n.

To move on, you need some additional insight.
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Widom’s results, cont.

Theorem (Widom, 1969)
For every character χ of the fundamental group of C \ E,
there is a character automorphic function F (z , χ) which min-
imizes ‖f ‖∞ among all character automorphic functions f
with that character and which obey f (∞, χ) = 1.
Moreover, this minimizer is unique and it and its norm are
continuous in χ.

As for notation, let Fn denote the unique minimizer for the
character χn

E. Recall that χE is the character of BE.
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Main result

Theorem (Widom, 1969)
Let E be the union of a finite number of disjoint Jordan
regions with smooth boundaries.
Then E has Szegő–Widom asymptotics, that is,

lim
n→∞

[
Tn(z)BE(z)n

Cap(E)n − Fn(z)
]

= 0

uniformly on compact subsets of the universal cover of C\E.
Moreover,

lim
n→∞

‖Tn‖E

Cap(E)n‖Fn‖∞
= 1.
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The finite gap case
Theorem (C–Simon–Zinchenko, 2017)
Let E ⊂ R be a finite gap set (i.e., a union of finitely many
disjoint closed intervals).
Then E has Szegő–Widom asymptotics, that is,

lim
n→∞

[
Tn(z)BE(z)n

Cap(E)n − Fn(z)
]

= 0

uniformly on compact subsets of the universal cover of C\E.
Moreover, lim

n→∞

‖Tn‖E

Cap(E)n‖Fn‖∞
= 2.

This was conjectured by Widom (he proved the second part).
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Asymptotics of Tn

Theorem (C–Simon–Yuditskii–Zinchenko, 2018)
Suppose that E ⊂ R obeys the PW and DCT conditions.
Then Fn is almost periodic as a function of n and

lim
n→∞

[
Tn(z)BE(z)n

Cap(E)n − Fn(z)
]

= 0

uniformly on compact subsets of the universal cover of CrE.
Moreover,

lim
n→∞

tn

Cap(E)n ‖Fn‖∞
= 2.

Widom conjectured/partly proved this for finite gap sets.
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