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Structure and Digital Signal Processing
Is DSP algebraic?

By restricting to Linear Algebra are we missing something?
Apparently disparate concepts         instantiations same concept

Is DSP geometric?
Constraints may restrict signals to a manifold
Algorithms and signal processing should be derived for manifolds

Special Session at IEEE International Conference on 
Signal Processing (ICASSP’06)

DSP: Algebra vs. Geometry
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Algebraic Theory of SP
Quick refresh on DSP
DSP: Algebraic view point

Signal Model
Algebraic Theory: Time

Time shift 
Boundary conditions (finite time)
Fourier transforms, spectrum

Algebraic Theory: Space
Space shift
Infinite space: C-transform and DSFT
Finite space: DTTs

What is it useful for:
Fast algorithms
m-D: separable and non-separable, new transforms
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DSP
Scalar, discrete index (time or space) linear signal processing
1-D or m-D: indexing set
Example: infinite discrete time

Signals: 

Filters:

Convolution (multiplication):

z-Transform:
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DSP
Fourier Transform: DTFT

Spectrum:

Impulses:

Eigen property:

Linear combination:

are  vector spacesand
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DSP: Algebraic View Point
Cascading of filters:

makes        an algebra – the algebra of filters

Convolution (multiplication):

makes        an     –module – the module of signals

Signal Model: Triplet 

where bijective linear mapping
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DSP: Finite Time
Signals: 

Filters:

Convolution (multiplication):

Candidates: algebras of filters     and modules of signals     ?
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Algebraic Theory: Shift
Shift: special type of filter

Shift invariance:
Since x is shift,       is commutative, so this is trivially verified
Conversely,     comm., x generates     , then all filters are shift-inv.

Which algebras are shift invariant (comm. & generated by single x?)
Infinite case: series in x or polynomials in x
Finite dimensional case: polynomial algebras, p(x) polyn. deg n

Signal Model: finite dimensional case
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Algebraic Theory: Infinite Time
Realization of signal model (infinite time):

Time marks and shift operator (Kalman 68):
k-fold shift:
Linear extension:

Extend q from
Extend from qk to set of all formal sums
Realization: set 
Two-term recursion solution:

Remark: we use x rather than z–1
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Algebraic Theory: Finite Time
Realization of signal model (finite time):

Problem:

Boundary condition and signal extension:

Signal model:

Equivalent to right b.c.

Replaces vector space 

b.c.              Right and left signal extension

Monomial signal extension:
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Finite Time and DFT
Signal model:
Fourier transform: DFT

In matrix format:
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Space Signal Model: Space Shift
Shift: symmetric definition

k-fold shift:
Differences wrt time model:

Linear extension: extend operation of q to

Lemma: The k-fold space shift operator is                        the 
Chebyshev polynomials of the 1st kind

Realization:
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Signal Model: Infinite Space 
Signal Model:

C-transform:

Follows from property of Chebyshev polyn.: k-fold shift

Fourier transform: DSFT, e.g., choose
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Signal Model: Finite Space 
Left b.c.:

Monomial signal extension: 

Right b.c.: problem with

Lemma (Monomial right sig. extension): Let
Only 4 right bc yield monomial right sig. ext. for

16 possibilities
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Finite Sp.Signal Model: Finite C-transf. & DTTs
Let seq. Chebyshev poly.:

Let: 

16 finite space signal models:

Finite C-transform:
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Finite Sp. Sig. Model: Finite C-transf. & DTTs
Fourier transforms: 16 DTTs (8 DCTs and 8 DSTs)
Example: Signal model for DCT, type 2

Left bc:                                                               afforded by 
Right bc: 

Sig. model for DCT, type 2:

DCT, type 2:

Zeros of
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Fast Algorithms: DTTs
DTTs: DCT, type 2: Direct sum: fast alg. Via poly. factorization

Property of U:
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Fast Algorithms: DTTs
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Finite Signal Models in Two Dimensions

Fourier TransformSignal ModelVisualization
(without b.c.)

time, separable

space, separable

time shifts: x, y

space shifts: x, y
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time, nonseparable

space, nonseparable

space, nonseparable

time shifts: u, v

space shifts: u, v, w

space shifts: u, v

Püschel lCASSP ’05
(separable, Mersereau)

Püschel lCIP ’05

Püschel lCASSP ’04



Carnegie Mellon

References and URL’s
Markus Pueschel and José M. F. Moura, "The Algebraic Approach to the Discrete 
Cosine and Sine Tranforms and their Fast Algorithms," SIAM Journal of Computing, 
vol 35:(5), pp. 1280-1316, March 2003.
Markus Pueschel and José M. F. Moura,“Algebraic Theory of Signal Processing,”
http:arxiv.org/abs/cs.IT/0612077, Dec 2004.
Markus Pueschel and José M. F. Moura, “Algebraic Signal Processing Theory: 
Foundation and 1-D Time,” submitted for publication.. 
Markus Pueschel and José M. F. Moura, “Algebraic Signal Processing Theory: 1-D 
Space,” submitted for publication.
Markus Pueschel and José M. F. Moura, “Algebraic Signal Processing Theory: Cooley-
Tukey Type Algorithms for DCTs and DSTs,” accepted for publication, IEEE 
Transactions on Signal Processing.
Markus Pueschel, José M. F. Moura, Jeremy Johnson, David Padua, Manuela Veloso, 
Bryan W. Singer, Jianxin Xiong, Franz Franchetti, Aca Gacic, Yevgen Voronenko, Kang 
Chen, Robert W. Johnson, and Nick Rizzolo "SPIRAL: Code Generation for DSP 
Transforms," IEEE Proceedings, Vol.:93, number 2, pp. 232-275 , Feb., 2005. Invited 
paper, Special issue on Program Generation, Optimization, and Platform Adaptation.
http://www.ece.cmu.edu/~smart
http://www.spiral.net


