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Structure and Digital Signal Processing

m |s DSP algebraic?
= By restricting to Linear Algebra are we missing something?
= Apparently disparate concepts => instantiations same concept

m s DSP geometric?

= Constraints may restrict signals to a manifold
= Algorithms and signal processing should be derived for manifolds

m Special Session at IEEE International Conference on
Signal Processing (ICASSP’06)

= DSP: Algebra vs. Geometry
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Algebraic Theory of SP

m Quick refresh on DSP
m DSP: Algebraic view point
= Signal Model
m Algebraic Theory: Time
= Time shift
= Boundary conditions (finite time)
= [Fourier transforms, spectrum
m Algebraic Theory: Space
= Space shift
= |nfinite space: C-transform and DSFT
= Finite space: DTTs
m What is it useful for:
= Fast algorithms
= m-D: separable and non-separable, new transforms
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DSP

m Scalar, discrete index (time or space) linear signal processing
m 1-D or m-D: indexing set
m Example: infinite discrete time

= Signals:
S()= > spz " e{) snz "[(...,5-1,50,51,...) € ?(2)} = M
ne neZ
= Filters:
HEZ) =Y bz € {Y hnz""|(...,h_1,ho,h1,...) € X (Z)} = A
nel ne

= Convolution (multiplication):

Y(2) =H(z)-S(z) = Z (Z hiSni> 2z ""e M

neZ \i€Z
= z-Transform:

D : V=102 — M

} Electrical & Computer s=1(...,51,50,51,...) = ZnEZ Sp2” "
(( ENGINEERING
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DSP
m Fourier Transform: DTFT
. , 1 s .
S(w) = SE¥) =) spe 79" sn = Z/_WS(w)erndw
ne/
W Spectrum: (S(W))wew =[—m.x)
m Impulses: Eu(z) = ) e¥nym

nez

m Eigen property: H(2)E,(2) = H(“™MEL(2)

m Linear combination: aH(2) + BH'(2); aS(z) + 85'(?)

N ~ A and A are vector spaces
({) Electrical & Computer
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Algebraic Theory of SP

m Quick refresh on DSP
m DSP: Algebraic view point
=  Sjgnal Model
m Algebraic Theory: Time
= Time shift
= Boundary conditions (finite time)
= [Fourier transforms, spectrum
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DSP: Algebraic View Point

m Cascading of filters: H(z) - H'(2)
m ————> makes A an algebra- the algebra of filters
m Convolution (multiplication): Y (z) = H(z) - S(z)

m ———> makes M an . A-module - the module of signals

m|Signal Model: Triplet (A, M, ®)

= where bijective linear mapping & : V — M
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DSP: Finite Time
m Signals: S(z) =" tsizie M= {zz_o sz~

m Filters: H(z) =Yt hiet € AZ {0 his i)
m Convolution (multiplication): Y (z) = H(z) - S(z) ¢ M

m Candidates: algebras of filters .A and modules of signals M?
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Algebraic Theory of SP
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Algebraic Theory: Shift
m Shift: special type of filter * € A

" h € A expressed as polynomial or series in &
"—> I generates A
m Shift invariance: z shift, Vs, h : h(xs) = x(hs) == hax = zh
= Since x Is shift, 4 Is commutative, so this is trivially verified
= Conversely,.4 comm., X generates.A , then all filters are shift-inv.

m Which algebras are shift invariant (comm. & generated by single x?)
= |nfinite case: series in X or polynomials in X
= Finite dimensional case: polynomial algebras, p(x) polyn. deg n
A = Clx]/p(x) = {polyn. deg < n, addition, mult. mod p(x)}
m Signal Model: finite dimensional case
(A= Clz]/p(z), M = Clz]/p(x), P)

lectrical & Computer . — n
) ENGINEERING PV=0C"—>M
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Algebraic Theory: Infinite Time

m Realization of signal model (infinite time):
= Time marks and shift operator (Kalman 68): ¢ ¢ tn = t,, 41
= kfold shift: gk © tn = tpap, == @) = ¢~
= |inear extension:
= Extend g from £y, to set {>_ sptn}
= Extend from g* to set of all formal sums {Z hqu}
" Realization:set ¢ = rand o === t,4 1 = T - in
= Two-term recursion solution: tg = 1,t, = x™
O = M ={s=> spz"} andA:{h:tha}k}

Pis— > ez

Remark: we use x rather than z%1
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Algebraic Theory: Finite Time

m Realization of signal model (finite time):
= Problem: z-a" l=2z" ¢ Cplz] = {Z

—1
=0 s}
z .20 =271 ¢ Cpulz] = {Z (%SZCCi}
m Boundary condition and signal extension:
m " =r(x) = >o<k<n Brxk, or x™ — r(z) =
Equivalenttorightb.c.  spn = > o<k<p BrSk
Replaces vector space  Cp[xz] by M = Clz]/ (2™ — r(x))
rleA iffe fr(z) =21 = _5% (51 + Gox+ -+ B2 — :U”_1>
b.c. ==> Right and left signal extension

= Signal model.
(A=M=Clz]/ @" —r(2)), D(5) = Socpen spz* € M)

({} EEIEI‘?&CIEI{I&E%E Nutg Monomial signal extension: 7r(x) = a =— 2™ =«
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Finite Time and DFT

m Signal model: (4 = M =Clz]/ (@™ — 1), So<pen spz” € M)
m Fourier transform: DFT

A M=Clz]/(a" - 1) = P,_,_, Clal/(z — k)

Wy = e 2] /N

" |[nmatrix format: DF T,, = [wf,l?f]o<k /<n
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Algebraic Theory of SP
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Space Signal Model: Space Shift
m Shift: symmetric definition g otn = (tat1 +tn-1) /2
kfold shift:  ax ©tn = (tntk + tnk) /2, == qx = ¢*

. . k _
Differences wrt time model: 4k = 4%, % = 9—k

Lemma: The k-fold space shift operator is ¢, = T3.(q), the
Chebyshev polynomials of the 1st kind

Linear extension: extend operation of q to

A= {Spz0hrar = L Te(@)}, M= {Z sntn}
Realization: ¢ = x and ¢ = -

time marks tp,, i.e., satisfy - Cp = (C’n_|_1 -+ Cn—l) /2
——=> (), sequence of Chebyshev polyn., {1, Un, Vn, Wn}
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Signal Model: Infinite Space
m Signal Model:
(.A — {h — ZkZO hka} ,M —_ {8 — ano SnCn} y CD)

m Ctransform: & : V = ¢2(N) - M = {ano SnCn}
Pd(s) = ZnZO snCn, Cpn € {Th,Un, Vn, Wn}

m Follows from property of Chebyshev polyn.: k-fold shift

Ty - Cn = (Cri + Crie) /2

m Fourier transform: DSFT, e.g., choose C,, = T,

A M = (@we[o,w] C) — ¢lo,7]

=5 S(cos = S(cosw).
Electrical & Computer ° (.’13) — ( w)wé[Oﬂr] W = ( W)
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Signal Model: Finite Space

m Lefthc: Cy =az+b,a #0,== C_; = 2220y — 20C

a

m Monomial signal extension: C ¢ {T,U,V, W}

m Right b.c.: problem with
T1-Cp1 = 2-Cp_1 = (Cp_2 Cn)/2 Z {202k<n Skck}

m Lemma (Monomial right sig. extension): Let C € {T,U,V, W}
Only 4 right bc yield monomial right sig. ext. for M = Clz]/p(x)

Electrical & Comput
(0 ENCNEERING = 16 possibilities
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Finite Sp.Signal Model: Finite C-transf. & DTTs
m Let seq. Chebyshev poly.: Co, - ,Cp—1, C €{T,U,V,W}

Tn |22 =1DU, > Tn (x—DW, 1 (z+1)V,_ 1

Un 2T}, U, Vi, Wh
Vio |2z = D)W, 1 Vp 2(z— 1)U, 1 2T}
Wnl 2(xz+ 1DV, 1 Wy 2T}, 2(z 4+ 1)U, _1

m 16 finite space signal models: (A = M = Clz]/p(x), P)

m Finite C-transform: & : V = C" — M = C[z]/p(z)

} Electrical & Computer CD(S) — ZO<k<n Skck
A ENGNERRING =
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Finite Sp. Sig. Model: Finite C-transf. & DTTs

m Fourier transforms: 16 DTTs (8 DCTs and 8 DSTs)

m Example: Signal model for DCT, type 2
= Lefthc: s_1 = sg == C1 = Cp = 1 affordedby C =V
= Rightbc: spn = 5,1 = Ch =Cp_1

== p=Ch—Cp_1=Von—Vo_1=2(—-1)U,_1
m Sig. model for DCT, type 2:
(A=M=Clz]/(z —1)Up_1,P)
m DCT, type 2:

A Clz]/(x = 1)Up-1 — Do<k<n Clz]/(z — ay)
zerosof (x — 1)U, _1, ap = coskn/n, 0 <k <n

DCT-2y, = diagg<g<pn(Coskn/(2n))- -cosk(£+1/2)n/n

1
cos km/(2n)
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Algebraic Theory of SP
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Fast Algorithms: DTTs

m DTTs: DCT, type 2: Direct sum: fast alg. Via poly. factorization
Clz]/(z — 1)U,,_; with basis b = (V5,...,V,_1)

Propertyof U:  Uszj—1 = 2 U1 - Thyy
[ ],.'ll[i - l :'.'II ] = C J'J,"Illr - lJLJri- L ! "E[J];"ITHJ
DCT-24,, = L’ M (DCT-2,, & DOT-4,,) - B.

Il‘i‘i' ']??J

B - - [ Ij'i'i' _ "]-.'Jl

] {D‘FTJ' 2 Iri-:-]“m B ‘]r:-:-}'
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Fast Algorithms: DTTs

TueoreMm 8.6. The following recursive algorithms for DTTs are based on the
rational factorization Us,,_, = 2-U,_, - T,,. We also indicate where they first
appeared in the literature (to our best knowledge ).

(1) DCT-1a, 41 = Popygr - (DCT-1 4 & DCT-3y,) - Baynyas [ETJ
':Ill} DST'lﬂ'ﬁ-:-—l — -P_-:"ﬁ:'—]. ' [DST_EHJ & ]:]'SI:I:|":lr1-'.-—l:| ' Bzm—ls- :1':?']
|:111} DE.T"E'_‘m - P_Jm ' {DC‘T_Em & D{‘T_lﬁ?.} ' Bjm: [TJ
(iv) DST-2s,, = Poy, - (DSTA4,,, & DST-2,,,) - Bay,. [52].

TuneoreM 8.7. The following recursive algorithms for DTTs are based on the
rational factorization Usy = Vi Wi
(i) DCT-1,,, = B, - (DCT-5,, & DCT-T,,,) - Byy,.
':Ill} DST'lﬂ'ﬁ-:- — P_-."'ililil . {DST_TJJI & DST_;‘PJ]} . -Eﬂ'm-
[iii} DET“EEm+1 — P'_’::In+1 ) (DGT_GJH-FJ. =2 DET_E’J'??] ' B‘.’m+1-
{“-::' DST‘E?m—l — -F:_:'m+l ' {_DS.T_E.ITE-I—]. aE DST"ﬁm} " Bjm-l—l .
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-Inite Signal Models in Two Dimensions

Visualization Signal Model Fourier Transform
(without b.c.) A=M

|

IR IR IR IR

1#1#1_?_? C[wa y]/<wn_1’ yn_1> DFT” ® DFT"’
IR IR IR IR . :

oo —>e time shifts: x, y

|
| . for example DCT, & DCT,,
. Cle, y)/(Tn(®), Ta(¥))| (16 types)

space shifts: x, y

space, separable
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NSNS
NN\
NSNS
NN
NSNS\
NN

time, nonseparable

Clu, v]/{(u™ — 1, u? — v%)

time shifts: u, v

DDQT,,

Puschel ICASSP '05
(separable, Mersereauy)

NN\

VA VA VAN
NN\
VAVAVAN

N\
VA VAVAN

space, nonseparable

Clu, v, w]/<Tn/2(u)7 Tn/Z(U)a
4w?—(u+1)(v+1))

space shifts: u, v, w

DQT

n
n><§

Puschel ICIP '05

VAVAVAVAV

VAVAVaVAY
VAVAVAYAV,

NN\

space, nonseparable
flectrical & Computer

C[wa y]/<C’n(wa y)? En(wa y)>

space shifts: u, v

DTT,, «n

Puschel ICASSP '04
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