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Abstract

We study the factorization of the hypergeometric-type difference equation of
Nikiforov and Uvarov on nonuniform lattices. An explicit form of the raising and
lowering operators is derived and some relevant examples are given.

1 Introduction

In this paper we will deal with the so-called factorization method (FM) of the hypergeo-
metric-type difference equations on nonuniform lattices. The FM was already used by
Darboux [14] and Schrodinger [25, 26] to obtain the solutions of differential equations,
and also by Infeld and Hull [16] for finding analytical solutions of certain classes of
second order differential equations. Later on, Miller extended it to difference equations
[20] and g-differences —in the Hahn sense— [21]. For more recent works see e.g. [4, 10,
11, 29, 30] and references therein.

The classical FM was based on the existence of a so-called raising and lowering op-
erators for the corresponding equation that allows to find the explicit solutions in a very
easy way. Going further, Atakishiyev and coauthors [4, 6, 10] have found the dynamical
symmetry algebra related with the FM and the differential or difference equations. Of
special interest was the paper by Smirnov [27] in which the equivalence of the FM and
the Nikiforov et all theory [23] was shown, furthermore this paper pointed out that
the aforementioned equivalence remains valid also for the nonuniform lattices that was
shown later on in [28, 29]. In particular, in [29] a detailed study of the FM and its
equivalence with the Nikiforov et al. approach to difference equations [23] have been es-
tablished. Also, in [12], a special nonuniform lattice was considered. In fact, in [12] the
author constructed the FM for the Askey—Wilson polynomials using basically the dif-
ference equation for the polynomials. In the present paper we will continue the research
of the nonuniform lattice case. In fact, following the idea by Bangerezako [12] for the
Askey—Wilson polynomials and Lorente [18] for the classical continuous and discrete
cases, we will obtain the FM for the general polynomial solutions of the hypergeometric
difference equation on the general quadratic nonuniform lattice z(s) = ¢1¢°+coq™% +c3.
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We will use, as it is already suggested in [6, 27], not the polynomial solutions but the
corresponding normalized functions which is more natural and useful. In such a way,
the method proposed here is the generalization of [12] and [18] to the aforementioned
nonuniform lattice.

The structure of the paper is as follows. In Section 2 we present some well-known
results on orthogonal polynomials on nonuniform lattices [7, 23, 24], in section 3 we
introduce the normalized functions and obtain some of their properties such as the
lowering and raising operator that allow us, in Section 4, to obtain the factorization
for the second order difference equation satisfied by such functions. Finally, in Section
5, some relevant examples are worked out.

2 Some basic properties of the g-polynomials

Here, we will summarize some of the properties of the g-polynomials useful for the rest
of the work. For further information see e.g. [23].

We will deal here with the second order difference equation of the hypergeometric type

(1)
0(s) = 5 (x(s)) — 37(x(s))Ax(s — 3),  7(s) = F(a(s)),

where Vf(s) = f(s) — f(s—1) and Af(s) = f(s+ 1) — f(s) denote the backward and
forward finite difference derivatives, respectively, &(z(s)) and 7(z(s)) are polynomials
in z(s) of degree at most 2 and 1, respectively, and X is a constant. In the following,
we will use the following notation for the coefficients in the power expansions in z(s)
of 5(s) and 7(s)

~ Il

a(s) =alz(s)] = %xQ(s) +6'(0)z(s) + 5(0), 7(s) = 7lz(s)] = 'z(s) + 7(0). (2)

An important property of the above equation is that the k-order difference derivative
of a solution y(s) of (1), defined by

A A A
yk(s)q = A:L‘k_l(s) Axk_Q(s) ce Ax(s)y(s) =

also satisfies a difference equation of the hypergeometric type

A [m] A,
Azy(s — %) [ka(s)] +7i(s) Azy(s) + kY (s)g =0, (3)

o(s)

where z(s) = z(s + %) and [23, page 62, Eq. (3.1.29)]

(A — O\S TS IS - Tm\S
i) = ORI TSI, —A+ZA’“ (@

It is important to notice that the above difference equations have polynomial solutions
of the hypergeometric type iff z(s) is a function of the form [7, 24]

z(s) = c1(q)q” + c2(q)q " + e3(q) = c1(@)g” + ¢ *H] + e3(q), (5)



where c1, ¢o, c3 and gt = % are constants which, in general, depend on ¢ [23, 24]. For

the above lattice, a straightforward calculation shows that 74(s) is a polynomial of first
degree in z(s) of the form (see e.g. [7])

~I

mi(s) = Fhaw(s) +7(0), 7= 2K, T+ (2k)7,

(6)
7(0) = 7 @K, - [28),) +a'<o>[k]q+c3¢’(aq(k> — g (2k)) + 7(0) g (k).
where the g-numbers [k], and a4(k) are defined by
Bo=5=0r, oy =L (7
q2 —q 2

and [n],! are the g-factorials [n],! = [1],(2]; - - - [n]4-
Both difference equations (1) and (3) can be rewritten in the symmetric form

A e YY) e
Az(s—3) [ (s)( )Vx(s)] + Anp(s)y(s) =0,
and A _—
Yr\s
Azg(s —3) [U(S)Pk(s)v%(s)] + wipr(s)yk(s) =0,

where p(s) and pg(s) are the weight functions satisfying the Pearson-type difference
equations

A A
Az(s—3) Azy(s — 3)

[o(s)pr(s)] = Ti(s)pr(s), (8)

respectively. In [23] it is shown that the polynomial solutions of (3) (and so the poly-
nomial solutions of (1)) are determined by the g-analogue of the Rodrigues formula on
the nonuniform lattices

A A b)) = ABP (a(s)), = AnkBrgm
A:l?k_l(s) Ax(S)Pn( ( ))q—A Pn( ( ))q Pk(s) Vk Pn( )7 (9)
where V(")f(s) B v v Vv £(s)
i © Vzpia(s) Vagga(s)  Vag(s) .
_ " &'
Apg = m}‘:{o {aq(n +m—1)7 +[n+m— 1]q7} (10)
Thus [23, page 66, Eq. (3.2.19)]
2(s)), = Prgm, (o ym=_Y ¥V _V
Pa(z(s))q p(S)V pn(s), VI = Vo () Vi (s) | V(@) (11)
where py, (s —ps—i—nﬁ (s + k) and
k=1
An = —[n]q {aq(n — )7 +[n -~ 1]q%ﬂ} : (12)



In this paper we will deal with orthogonal g-polynomials and functions. It can be
proven [23], by using the difference equation of hypergeometric-type (1), that if the
boundary condition

o(s)p(s)zF (s — =) =0, Vk>0, (13)

holds, then the polynomials P,(s), are orthogonal, i.e.,

b—1
ZPn(a:(s))qu(x(s))qp(s)Aa:(s — %) = 6nmdi, s=a,a+1,...,b—1, (14)

sS=a

where p(s) is a solution of the Pearson-type equation (8). In the special case of the
linear exponential lattice z(s) = ¢° the above relation can be written in terms of the
Jackson g-integral (see e.g. [15, 17]) fz2 f(t)dgt, defined by

/:2 f(t)dgt = /022 f)d,t — /021 F(t)dyt

| f0dt=20-0 Y s, 0<q<t,
0 k=0

where

as follows:

P w(t)dgt = Somg iy, t=¢%  w(t) = w(d') = p(t). (15)

a

Notice that the above boundary condition (13) is valid for £ = 0. Moreover, if we
assume that a is finite, then (13) is fulfilled at s = a providing that o(a) = 0 [23, §3.3,
page 70]. In the following we will assume that this condition holds. The squared norm
in (14) is given by [23, Chapter 3, Section 3.7.2, pag. 104]

b—n—1 1

There is also a so-called continuous orthogonality. In fact, if there exist a contour I'
such that

/FA[p(z)a(z)xk(z _ %)] Q2 =0, V>0, (16)
then [23]
/FPn(x(z))qu(x(z))qp(z)Ax(z _ %) dz=0, n#m.

A simple consequence of the orthogonality is the following three term recurrence rela-
tion:

2(8)Po((5))g = anPny1(2())g + BrPu((5))g + ymPa-1(2(s))q, (17)
where ay,, B, and 7, are constants. If P,(s), = an®™(s) + b,z (s)+--- , then using
(17) we find

Gnp, br, bn+1 Qp-—1 d%
U= -2 Byp=-n_ o . 18
n i1 B an  Gngt n an di_1 (18)

To obtain the explicit values of «,, 5, we will use the following lemma, —interesting in
its own right— that can be proven by induction:



Lemma 2.1

A(k)xn(s) = [n[r_l]i]q!xz_k(s)‘i‘% <n [n[il ; i]ql!]q! —(n—k) [n[ﬁ]Z]qJ ‘Tz_k_l(s)‘i‘
In the case k =n — 1, it becomes
A(”fl)x”(s) = [n]ylzn—1(s) + c3[n — 1]4! (n — [n]y) . (19)

Now, using the Rodrigues formula (9) for £ =n — 1,

An,nlen (n)

—_— S) =
Pnfl(S) n—lpﬂ( )

as well as the identities pn(s) = pp—1(s + 1)o(s + 1), zn(s) = zn_1(s + 3) and the
Pearson equation (8) for p,_1(s), we find

An,nlen \Y
pn-1(s) Vi

A(nfl)Pn(x(S))q = (S)pn(s),

AMDP (2(5))g = Anm1BnTn1(5).

Thus
An n— Bn~l = 5"
an = 1—'7"—1 =B, [] {aq(n+k— D +[n+k— 1]q°'—} ,
. b __ [nlaincs (0
NigTn—1
ﬁ = ‘177,:’7_1 + e3([nlg — n).
So
B, ag(n — )7 +[n —1],% B, )\ [2n]4[2n + 1],
a,n = = —

2
Byt (ag(2n—1)7+[2n—1],5) (ag(2n) 7' +[2n], %) Bpi1[n]g don A2nt1

and ~ =
g = Wafn 1@ 4 Ytn®) | ooy 1t 1),
Th—1 Tn

Using the Rodrigues formula the following difference-recurrent relation follows [1, 23]

U(S) ViL'(S) = [n]q’ryll Tn(S)Pn(x(S))q - Bn+1 Pn+1(x(3))q 3
Agn
where 7, (s) is given by (6), where the identity 7, = —ﬁ has been used.
q
Then, using the explicit expression for the coefficient «,, we find

VPn(x(s))q An Tn(s) ap A2y
—_— = P, - P, . 20

U(S) VQ?(S) [n]q TA n(«T(S))q [2n]q n+1(x(3))q ( )

This equation defines a raising operator in terms of the backward difference in the
sense that we can obtain the polynomial P, of degree n + 1 from the lower degree
polynomial P,.

From the above equation and using the identity V = A — VA, the second order differ-
ence equation and the three terms recurrence relation we find [1] lowering-type operator:

APR(:E(S))Q _ 7n>\2nP

[0(s) + 7(s)Az(s — §)] = n—1(7(8))g+

) 3 2 Ax(s)? [2n], (21)
An TnlS) z(s—1)— ans—n  (2(5)),.

i, 17 AAz(s — 3) [2n]q( (8) = Bn) | Pu(x(s))q



The most general polynomial solution of the g-hypergeometric equation (1) corresponds
to the case

4 4
o(s) = AH[S — 5]y =Cq * H(qs —q¢°), A, C,not vanishing constants  (22)
i=1 i=1

and has the form [24]

n 2utn—1+3% s, qslfs q51+5+#
) b
;4 q) : (23)

_ q ,q
Pp(s)q = Dn 495 < (}51+52+u,q51+53+u’ gorrsatn

where D,, is a normalizing constant and the basic hypergeometric series p¢q are defined
by [17]

k

A1y .., Qp = (a;Q)r - (ar; Qi 2 k% (k-1
, g, z) = —1)%q>
% < biy.. s by ) 1; (b1; @) -~ (bp; Dk (600w [( )

)

)]pfr+1

and
k—1

(@) = J] (1 —ag™, (24)

m=0
is the g-analogue of the Pochhammer symbol. Instances of such polynomials are the
Askey—Wilson polynomials, the ¢g-Racah polynomials and big ¢-Jacobi polynomials
among others [17, 24].

3 The orthonormal functions on nonuniform lattices

In this section we will introduce a set of orthonormal functions which are orthogonal
with respect to the unit weight [6, 27]

n(s) = v/ p(s)/d7; Po((s))q, (25)

e.g. for the case of discrete orthogonality we have

b—1 )
Z (pﬂ(si)‘Pm(sz)Ail?(Sz - 5) = Onm
si=a

Next, we will establish several important properties of such functions which gener-
alize, to the nonuniform lattices, the ones given in [18]. In the following we will use the
notation O(s) = o(s) + 7(s)Az(s — 1).

First of all, inserting (25) into (1), (17), (20), (21) we obtain that they satisfy the
following difference equation:

O(s)o(s + 1)@%(3 +1) + /O(s — 1))0(3)%(5)%(3 —1)- -
O(s) o(s) ) o1 o
(Am(s) * W(s)> #n(s) + Anl(s = 5)en(s) =0,
the three term recurrence relation:
O(ndzll—:l(;on-l-l(s) + ’Ynd;ll—nl(,on_l(s) + (IBn — «T(S))(Pn(S) =0, (27)



the raising-type formula:

Aop dp,
L+(San)‘:0n(3) = anL—Jrl‘Pn-i-l (5)7 (28)
2n], dy

and the lowering-type formula:

)\271 dnfl
n— ) 2
g 1) 29)

where the raising-type operator L' (s,n) and the lowering-type operator L~ (s,n) are
given by

Li(sv n)(pn(s) = Tn

_ An Tn(8) )
L+(8,n) = [@ T;L V (S (30)
and
sn) = |- An Ta(S) (s — 1 Aon _ O(s)
= =g (s = )4 2 ale) ) - ] "

respectively. In the above formulas E~ f(s) = f(s—1), ET f(s) = f(s+1) and I is the
identity operator.

Notice that the last two formulas have a remarkable property of giving all the
solutions ¢, (s). In fact, from (31) setting n = 0 and taking into account that ¢_1(s) =
0 we can obtain ¢g(s). Then, substituting the obtained function in (30), we can find
all the functions ¢1(s),..., ©n(s),... .

Proposition 3.1 The raising and lowering operators (30) and (31) are mutually ad-
joint.

Proof: The proof is straightforward. In fact using the boundary condition and after
some calculations we obtain, in the case of discrete orthogonality, the expression

Z Pnt1(8i) [ [2n ]qL+(8i,n)<Pn(Si)] Az(s; — 3)

2n

s;—a
2n + 2], d
= 3 [ ek s 0] ) ) = L
s;=a 2n+2 n
The other cases can be done in an analogous way. [ ]

Proposition 3.2 The operator corresponding to the eigenvalue A, in (26) is self ad-
joint.
Proof: Again we will prove the result in the case of discrete orthogonality. Using the

orthogonality conditions o(a)p(a) = o(b)p(b) = 0 (which is a consequence of (13)), we
can write

Z ©n(si) - lo (Si)v;(si)w(si —1)Az(si — 3)

b—2 1

D onlsi+1)1/0(sh)o(s; + ”W oi(sh Az (st + 1)
st=a-1



=Y enlsi +1)v/O(si)o(si + 1)m¢z(si)AI(8i + 1)+

pula)\/Bla = Dl o — ) As(e — §) -

1
b)vVO(b —1)o(b) =———pi(b— 1)Az(b— %
0u0V/BE = o) gsould = DAals — 3)
where in the last two sums we first take the operations A and V, and then substitute
the corresponding value: e.g. Az(a) =z(a+ 1) — z(a).
Now, we use the fact that ¢, (s) = \/p(s)/d2P,(z(s))q, as well as the boundary
conditions o(a)p(a) = o(b)p(b) =0, so

©(a —1)a(a) pn(a)pi(a = 1) = VO = 1)a(b)n(b)er(b - 1) = 0.

The other terms can be transformed in a similar way. All these yield the expression

b—1
1
3 i) { VOGO ¥ D gt + )i+ )+
6(5: — Dols0)=——pn(si — DAz(si — 3) b =
RS i
b—1 1
= ¥ onlo) { VBT + (s + DA+ )+
O — Dol g ulsi ~ DAa(s; — )
S o\S; V:E(Si)(pl S T(Si —3) (>
from where the proposition easily follows. |

4 Factorization of difference equation of hypergeometric
type on the nonuniform lattice

We will define from (26) the following operator

H(s,n) =+/0O(s — 1)0(8)%(5)16_ +VO(s)a(s + 1)A:101(8)E+_

o) . ol) L,
(Aﬂ@*wuw> Ania( ”)L

Clearly, the orthonormal functions satisfy

H(s,n)pn(s) =0.

Let us rewrite the raising and lowering operators in the following way

LH(s,n) = u(s, )T+ /O(s 1)0(3)%@13—,

L™ (s,n) =v(s,n) ++/0O(s)o(s+ Uﬁ(s)Et



where, as before, ©(s) = o(s) + 7(s)Az(s — 1), and

u(S,n) = @ Tfl - Vav(s)’
v(s.n _ﬂTn(S) xs—l >\2n (s) — _ @(S)
(s,0) = =g~ FAnAE(s =) + g (els) = Bn) =

Proposition 4.1 The functions u(s,n) and v(s,n) satisfy u(s+1,n) = v(s,n+1), or,
equivalently u(s + 1,n — 1) = v(s,n).

The proof of the above proposition is straightforward but cumbersome. We will include
it in appendix A. If we now calculate

2
L™ (s,n+1)L"(s,n) = v(s,n + Du(s,n) + O(s)o(s + 1) (;> +

Az(s)
Fuls +1,m) {\/@(s - 1)“(5)%(3)]3_ + /B0 T 1)A;(8)E+} ,

and substitute the values for u(s,n), v(s,n) and H(s,n) we get
L= (s,n+1)L*(s,n) = hT(n)I +u(s+1,n)H(s,n),
where the function
o= (5 e n) (o, 5 e b)
An Ta(s+1) O(s)
[l 7 Ax(s)’

is independent of s. In fact, applying the last equality to the orthonormal function
©n(s) and taking into account (28) and (29),

Aon Aon42
hF(n) = A2
() 2n], 2n + 2], "

Similarly,
L+(37n - 1)L7(37n) = hi(n)I + U(San - 1)H(37n)7

where

W (n) = (—[A—?QT"(S,_” 4 o (w(s—l)—ﬁn)HnM(s—%)) X

Tn, [2n] q

n Va(s)
(o, 4 e =) (81

is independent of s. Furthermore, applying the last expression to the functions ¢y (s),
and taking into account (28) and (29), we obtain

(e(s) — fu) + 22 ) _

Aan—2  A2p
B (n) = —2n—2 .
") = G =2, 2, "

Remark: Notice that h*(n + 1) = hT(n).

All the above results lead us to our main theorem:



Theorem 4.1 The operator H(s,n), corresponding to the hypergeometric difference
equation for orthonormal functions ¢, (s), admits the following factorization —usually
called the Infeld-Hull-type factorization—

u(s +1,n)H(s,n) = L (s,n+ 1) LT (s,n) — h¥(n)I, (32)

and
u(s,n)H(s,n+1) = LT (s,n)L ™ (s,n + 1) — hT(n)I, (33)

respectively.

Remark: Substituting in the above formulas the expression z(s) = s we obtain the
corresponding results for the uniform lattice cases (Hahn, Kravchuk, Meixner and Char-
lier), considered before by several authors, see e.g. [6, 18, 27] and by taking appropriate
limits (see e.g. [17, 23]), we can recover the classical continuous case (Jacobi, Laguerre
and Hermite).

5 Applications to some g-normalized ortogonal functions

For the sake of completeness we will apply the above results to several families of
orthogonal g-polynomials and their corresponding orthonormal g-functions that are of
interest and appear in several branches of mathematical physics. They are the Al-
Salam & Carlitz polynomials I and II, the big g-Jacobi polynomials, the dual g-Hahn
polynomials, the continuous ¢-Hermite and the celebrated g-Askey—Wilson polynomials.

The main data for these polynomials are taken from the nice survey [17] except the
case of dual ¢g-Hahn polynomials [3]. Nevertheless, they can be obtained also from the
general formulas given in Section 2.

Finally, let us point out that similar factorization formulas were obtained by other
authors, e.g. Miller in [21] considered the polynomials on the linear exponential lattice
and Bangerezako studied the Askey—Wilson case. Our main aim in this section is to
show how our general formulas lead, in a very easy way, to the needed factorization
formulas of several families for normalized functions —not polynomials—.

5.1 The Al-Salam & Carlitz functions I and II

The Al-Salam & Carlitz polynomials I (and IT) appear in certain models of g-harmonic
oscillator , see e.g. [5, 8, 9, 22]. They are polynomials on the exponential lattice

z(s) = ¢° = z, defined [17] by
gz )
a— |,
a

and constitute an orthogonal family with the orthogonality relation (15)

—n’x—l

0

U (259) = (—a)"q<g) 201 ( !

1
/ U (3 ) U (23 q)o()dgt = a2,
where

o) = (02,0 Lgw3q)oe and &2 = ()" (1~ 4)(g5 (g, 3,03 )ou 2.

As usual, (ala sy Gp, Q)n = (al; Q)n e (ap; Q)na and (a; Q)oo = H]C;O:o(l - aqk)-

10



They satisfy a difference equation of the form (1) where

/2
o(z) = (z —1)(z —a), 7(z) = 7(z) = 7'z + 7(0), being 7’ = 4 7(0) =

The eigenvalues A, and the coefficients of the TTRR are given by

1-n/2
q
An = |n
[nly =

and ap =1, Bp=1+a)g", v =a¢" '(¢" - 1),

respectively. In this case we have

1
- - 1 - 3" —n 1
o' = L, OJ(O) = _a; , 0(0) =a, Trlz = %qa T (0) = qlTa+ .

The corresponding normalized functions (25) are

z,a”'qz; —a)” (’3) o
o () = | L9%: % Peo(Z@)" ( q

(1 =) (45 9)n(q: 0,9/ a5 9) 0o 0

Defining now the Hamiltonian for these functions ¢, ()

_Valz-1)(z—a) ,  Valgz—1)(gz—a) ¢ " alatl) [2g
o)=L e S (e (- )
and using that u(z,n) = 16?q$_1, v(z,n) =u(qr,n —1) = l i qav_l, thus

_ Valz—1)(z—a) _ _ Iy
Lt (z,n) = u(z,n)I +q P p— E~, where E~f(z)= f(¢ 'z),
and

_ 3 Valgr —1)(gz — a) _

L~ (z,n) =v(z,n)I + P E*, where ETf(z)= f(qz),
we have
a a 1-n( n+1 -1
L (z,n+ 1)L (z,n) = q (q(q_ I )I-I-v(:z:,n + 1)H(z,n),
and o
I o= 0L (o) = 2D utoin - DH ),

which give the factorization formulas for the Al-Salam & Carlitz functions I. If we now
taking into account that (see [17, p. 115])

VD (;q) = U (z;07 1),

then, the factorization for the Al-Salam & Carlitz functions IT

a5t (ag; q)ooq(ngl)

q n’x q"
200 q; — s
(¢,a9;9)s(1 — q)(g; 9)n _ a

follows from the factorization for the Al-Salam & Carlitz functions I simply by changing
q to q_l.

(pn(s) = q(§>

11



5.2 The big ¢-Jacobi functions

Now we will consider the most general family of g-polynomials on the exponential
lattice, the so-called big ¢g-Jacobi polynomials, that appear in the representation theory
of the quantum algebras [31]. They were introduced by Hahn in 1949 and are defined
[17] by

Py(z;a,b,¢;q) =

(abg™t1;q)n aq, cq

They constitute an orthogonal family, i.e.,

(aq; Q)n(cq; @)n 5 <q”,abq”“,x

aq
/ w(x) Py (z;a,b,¢;q) Py (z;0,b,¢;q)dgr = a2 6nm
cq

where . .
(0 '2;q)o0(c™' 2, 9) 0
(25 @)oo (bc 125 )00

w(r) =

2 — 2401 —a)(a;¢/a, ag/c, abg*; g)oo (1 — abq)(g,bq, abg/; q)n(—ac) "q (5)
" (ag, bq, cq, abg/c; q)oo (abg, abg"*t, abg" 1)y, '
They satisfy the difference equation (1) with

o(z) =q¢ Yz —aq)(z — cq) and 7(z) =7(z) = 7'z + 7(0),

where )
o (11 - a)bql/2 and  7(0) = ql/Qa(bq - 13 + c(ag — 1)’
—4q)q - q
and b n+1
n 1 —abg
= =l = —

They satisfy a TTRR, whose coefficients are
ap=1, pp=1-A,—-Cy, Tn = CnAy -1,

where
4 — (1 _ aqn+1)(1 _ an—l—l)(l _ abqn-i-l)
n (1 _ abq2"+1)(1 _ abq2n+2) ’
O et (L= 01 = ba")(1 = abe'q")
" (1 — abg®™)(1 — abg®+1)
Also, we have
1 2
7= SO () = ~PIEIEOEL 5(0) = ey
q 2
-n __ n+2 n 1+n _ 1 14+n _ 1
. abg"" L 0) = ¢ a(bg ) + clag ).
q'2(1 - q) 1—g¢q

The normalized big ¢-Jacobi functions are defined by

(s) = (z/a,z/c; q)0 (aq, bq, abg/c; q) o (abg, aq, ag, cq, cg; @)n (—ac)”
o (z,bx/c,c/a,aq/c,abg?; q)oo (1 — q)aq(l — abg)(q,bq, abg/c; q)n

g ", abg" !z
302 4q |-
aq, cq

12



The corresponding Hamiltonian is

::VAﬂx—QNf—GQK$—0QKhVﬂW)E7+qVadf_lﬂf—aﬂx—fﬁwf—C)E++

H(z,n)
z(g—1) z(g—1)
1 b 2n+1 b 1
< + abq x_q(a—i—a +c+ac)+acq(q+ ):z:_l)I.
q*(1-q) 1—¢q 1—¢q
Furthermore,
b n+1 2 b n+1
u(z,n) = a%d z+ D, — 99 =1 and v(z,n) = i x4+ Dypq — acq 7!,
1—gq q—1 1—gq q—1
where
ab(ab + ac + a + ¢)¢* "3 — a(b+ ¢ + ab + be)g"+?
D, = )
(1 —abg®**2)(1 —q)
thus

Lt (z,n) = u(z,n) I+ \/a(:zr—q)(av;(c;q)_(:z;)—cq)(bx—cq) E~, where E~f(z) = f(q¢ '),

and

Va(z—1)(z—a)(z—c)(bz—c) g+

L™ (z,n) =v(z,n)I +q , where Etf(z) = f(qz),

z(g—1)
S0
L (z,n+ 1)L (z,n) = 6pi1¥ni1 ] +v(z,n + 1)H(z,n),
LT (z,n — 1)L (z,n) = 8,y ] +u(z,n — 1)H(z,n),
where

(1 _ abq2”’1)(1 _ abq2n+1)

g*~(q — 1)
The above formulas are the factorization formulas for the family of the big ¢-Jacobi
normalized functions.

on =

Since all discrete g-polynomials on the exponential lattice z(s) = ¢1¢® + ¢3 —the
so called, g-Hahn class— can be obtained from the big g-Jacobi polynomials by a
certain limit process (see e.g. [2, 17], then from the above formulas we can obtain
the factorization formulas for the all other cases in the g-Hahn tableau. Of special
interest are the g-Hahn polynomials and the big g-Laguerre polynomials, which are
particular cases of the big g-Jacobi polynomials when ¢ = ¢~ ¥"1, N = 1,2,..., and
¢ = 0, respectively.

5.3 The ¢-dual-Hahn functions

In this section we will deal with the ¢-dual-Hahn polynomials, introduced in [3, 24]
and closely related with the Clebsh-Gordon coefficients of the g-algebras SU,(2) and
SU,(1,1) [3]. They are defined on the lattice z(s) = [s],[s + 1], by

q;q ) )

Wy (z(s);0,b)q =

(=1)™(¢* " @)n g 5 ) 5 g ", g%, gttt
qn/2(3a—b+c+1+n)k‘7; (q; Q)n 2 qa7b+1’ qa+c+1

13



and satisfy a discrete orthogonality (14) with respect to the weight function

AR L) IS

L((b—1)2—(25—-1)(a+c)) ( s—a+l ,s—c+1
(s) = q q ) q
’ (1 = g)2ateb+t (@,q, ¢+ g tethig)oe 7

where —1 <a<b—1, ¢/ <a+1,and for this weight function the norm is

—4ab—4bc+6a+6c—8b+6+4n(a+c—2b)—n2+17n+2b%) ( b—c—n b—a—n.
d2 _ (q y q 7q)oo

" (1 — g)2la+embtl)+sn [n]g!(q, g+ 44 q) oo

g

These polynomials satisfy a TTRR (17) with
an =1,
Bn:q%@”#rc“) [b—a—n-l-1]q[a+c+n+1]q+q%(2”+2m4’+1) [n]g[b—c—n]y+]al4la+1],,
T =" a4 e + n)q[b — a — nl¢[b — c — njq[n]q,

_n
2

and the second order difference equation (1), whose eigenvalues are A, = [n]qq% 2 and

o(s) = q%(5+c+“_b+2) [s —alg[s +bly[s — ]y and 7(z)=T7(z)= 'z + 7(0),
with 7/ = —1 and 7(0) = gz(@t+e+D[q + glb—c—1]+ q%(“bﬂ)[b]q[c]q.

Also we will need the values

1
2k,

—(2¢""P ¢ +q+2¢" P+ 2¢M — (14¢) (¢ P+ ¢ + ¢ +¢H?)),

1
2 tadc—b §+C)

~ ~ 1_ l
& = kg 3(0)= =— (22, —q® " — g7 — ¢ —q

)

Tn==q", 7a(0) =q%(c_b_n+1)[c+%]q[b_ %]q“‘q%(aﬁ_bﬂ_%)[a"‘%"'l]q[b_c_"_1](17

In this case, the Hamiltonian, associated with the g-dual Hahn normalized functions

V()W (z(s);a,b)g, is
)\/([8 + 117 = [alg) (b7 — s + 1) ([s + 117 — [7)

Hisym) = g3(c1e 25+ 2], B
a)?2) —1s12)([s12 — [c]2
% ct+a—b+2) \/ ] [];1 ] [ ]‘1)([ ]q [ ]q)E_ B q%_%[n]q[Zs + 1]qI+
Slq
%c+a bro) ([s—algfs +blg+[s—clg [s+1—afgfs+1+Dblg[s+1-(]
( [25]q 25 4+ 2] )I’

where ET f(s) = f(s+ 1) and E~ f(s) = f(s — 1). Then, using that

n

’U,(S,n) = q%_%x(s + n/2) _ q%‘l‘g(q%(c—b—nﬁ-l)[c +n

2lalb = 5lot

q%(aJrc b+1— )[a + % + 1]q[b —c—q — 1] ) q%(s+c+a b+2) [S _ a]Q[S + b]tI[S _ C]q
[25]q ’

and taking into account that v(s,n) = u(s + 1,n — 1), we find

)\/([8]3 = [al2) ([b]7 — [sI2) ([s]§ — [c]3)
[2s]q

L (s,n) = u(s,n)I + g (cta—bi

14



and

: \/([S + 117 — [alg) ()7 — [s + 17) ([s + 117 — [c]?)

L™ (s,n) =v(s,n)I + q%(ﬁ“*bﬁ 25+ 2] ET.
s q
Thus
L (s + DI (5,1) = ¢ P ] +0(s,m + 1) H (5, ),
and

L+(37n - 1)L_(8,’I’L) = q_2n+27nl + U(San - 1)H(37n)7

are the factorization formulas for the g-dual Hahn normalized functions.

5.4 The Askey—Wilson functions

Finally we will consider the family of Askey—Wilson polynomials. They are polynomials
on the lattice z(s) = $(¢° + ¢~%) = =, defined by [17]

pn(z(s);a,b,c,d) =

(ab; q)n(ac; q)n(ad; q)y, g " ¢" " 'abed, ae=? ae'
403
am ab, ac,ad

i.e., they correspond to the general case (23) when ¢°! = a, ¢°> = b, ¢** = ¢, ¢°* =d.
Their orthogonality relation is of the form

1
/ w(z)pp(z;a,b,c,d)pm(z;a,b,e,d)V1 — 22k4dr = Opmd> ¢ =€’ z=cosb,
-1

where
_ h(z, Dh(z, ~1)h(z,q2)h(z,—q?) =
) = a1 = iz e, bt Gy’ 0 = L =2 e

and the norm is given by

(abedg™ " q)n(abedg®™; q) oo
(g"+1, abg™, acq™, adg™, beg™, bdg™, cdq™; q) oo

d? =

The Askey—Wilson polynomials satisfy the difference equation (1) with
o(s) = =7 PRi(¢* —a)(@® —b)(¢* —)(¢° —d),  wg=(q7 —q )
and 7(z) = 7(z) = 7’2 + 7(0), where
' =4(q - 1)(1 — abed), 7(0) =2(1 —q)(a+ b+ c+d— abc — abd — acd — bed).
Furthermore, they satisfy the TTRR (17) with coefficients

an = ]-7 BTL = o ail — (An T Cn)a Tn = CnAn_la

2

where A,, C), are defined by

4 = (1 — abg™)(1 — acg™)(1 — adq™)(1 — abedg™ 1)
" a(1 — abedg®—1)(1 — abedg®") ’

a(l —¢")(1 —beg" ) (1 — bdg™ *)(1 — cdg™ ')

Cn = )
(1 — abedg®=2)(1 — abedg?n—1)

15



and whose eigenvalues are A, = 4¢~""1(1 — ¢")(1 — abedg™™!). In addition, we have

7" = —4(q — 1)*(1 + abed)g~"/?,

7(0) = (¢ — 1)%(a+b+c+d+ abe + abd + acd + bed)q~"/?,

5(0) = (¢ — 1)*(1 — ab — ac — ad — be — bd — cd + abed)q /2,

7, =4q "(q — 1)(1 — abedg®™),

72(0) = 2(q — 1)(—a — b — ¢ — d + (abe + abd + acd + bed)q")g ™2,

Defining now the normalized functions (see (15)) /w(z)/d2p,(x;a,b,c,d), the corre-
sponding Hamiltonian H(s,n) is

2q3/2 _ 2q3/2
H = — FE 1 1 ET
(87n) [28 — 1]q G(87a7 b, ¢, d) + [28 i 1]qG(S +1,a,b,c, d) +
9| g2s+1/2 H?:l(l — ") 422 H?:1(q5 —q%) 4
25 +1]q 25 — 1],
g "2 —q")(1 - abcdq”l)[Zs]q> I
where

4

G(s,a,b,c,d) = H(l — 2g%iq123(s — 1/2) + g 1g2%),
i=1

We now define

—25+1/2 (¢° — a)(¢® —b)(¢° — ¢)(¢° — d)
[2s — 1],

U(S,TL) = ann(s) +DnE, + q
where
Dy, = —4q~ "> 2(q — 1)(1 — abedg™ ™).

(—a—b—c—d+ (abe + abd + acd + bed)g™) g2
2(1 — abcdq?) .

Taking into account that v(s,n) = u(s+ 1,n — 1), we find

E, =

2q3/2

Lt (s,n) =u(s,n)I + 25— 1],

G(87 a’ b7 C’ d)E77

2q3/2

25 + 1],
where E~f(s) = f(s — 1) and ET f(s) = f(s+1). Thus,

L™ (s,n) =v(s,n)I + G(s+1,a,b,c,d)ET,
L (s,n+1)L"(s,n) = Doy Dopioyni1 I +v(s,n+ 1)H(s,n),

and
L+(San - 1)L_ (San) = D2n—2D2n7nI + U(S,’I’L - 1)H(San)a

which is the factorization formula for the Askey—Wilson functions.
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To conclude this paper let us consider the special case of Askey—Wilson polynomials
when a = b=c=d =0, i.e., the continuous ¢g-Hermite polynomials
qa"0

H,(z|q) = 27", 4 < q; q"e 20 ) , T = cos 6.

These polynomials are closely related with the g-harmonic oscilator model introduced
by Biedenharn [13] and Macfarlane [19], as it was pointed out in [9], where the factor-
ization for the continuous ¢-Hermite polynomials were considered first. If we substitute
a =b =c=d =0 in the above formulas, we obtain the factorization for the ¢g-Hermite
functions

o) = \/h(:v, Vh(z, —1)h(z, ¢/2)h(z, —q/2)(¢"*: q) oo

2mkq(1 — 22) Hn(wlg)-

In fact, since for continuous ¢-Hermite polynomials
o(s) = —rgg™ 7 r(s) = dlg— Da(s), A =4dg (L —q"),

and the coefficients for the three-term recurrence relation are a, = 1, 8, = 0, v, =
(1 —¢™)/4, then we obtain

232 9432 gty stz
H = E 42 —q " R2(1—¢"™)[28]4 ) T
(5m) = 5 = 0, "Rsry,” T\@sra, 2so1, ¢ fig(1=a")2s]q | I

254+1/2 3/2
Lt (s,n) = <—4q”/2+1/2(q —1z(s+n/2) + q ) I+ [ 29 E-

25 — 1], 25— 1],
25+5/2 2g3/2
_ — | g, /241, qi qi -
L~ (s,n) ( 4q (¢ 1)$(3+n/2+1/2)+[23+1]q>1+[23+1]qE

and h*(n) = AkZq™2 (1 — ¢").
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Appendix A
Here, for the sake of completeness, we will prove Proposition 4.1, by showing that u(s+1,n) —

v(s,n + 1) = 0. To do that, we start with computing the difference

u(s+1,n) —v(s,n+1) = [;\L—] = — Aac(s)+

n
)‘n Tn S A n
[n ++11]q Tfj-(l ) - /\n+1Ax(S - %) - ﬁ(l‘(s) - Bn+1) +
n

n Tn(s+1)  Aoc(s)

T(S)Ax(s — %)
Az(s) '

17



Now we use the expansion 7,,(s + 1) = 7,2, (s + 1) + 7,(0). Since

A(2*(s)) _ 2*(s+1) —2*(s) _ s sy 1 _
Az(s)  z(s+1)—a(s) =z(s+1)+2(s) =Cig°(¢+ 1) + Caq (¢~ +1)+2C3 =
(C1q*+% + Caq™*7%)[2], +2C5 = [2]ya1(s) + (2 — [2],)C5,

]. 1 1
w(s)Ax(s — 5) = 2(5)(Crg’ 2 (¢ = 1) + Cog "2 (g = 1)) = 2(s)(Crq® — Coq )by =
(C7q*° — C3q > )ky + C3(Crq® — Caq *)ky,

where k, = q% — q_%,

LA a1y o [((CRT 4 O () + Ca(CraE + Cag 7 ?)
ACU(S)( () 2)) - ( Cig*ts — Coq % ) kg,
and . 1

A 1 A s —s _Cig2 + Coq 2

Az(s) (A£(S - 5)) = m((cﬁq — Caq )kq) = C’lqs+% N C2q757% kq

Then

Aols) __A a(s) — =T(s)Az(s — L)) =

Az(s)  Az(s) ( () (s)Aa( 2)>

- 50 (% 2(s) " (0)(s) + 5(0) — 5 (+'a(s) + 7(0)) A(s — %)) -

5" . 1 Cig°T% + Coq™*3

o ([2]qz1(s) + (2= [2],)C3) +0'(0) — 57’(0) <C’1qs+% — C2q—s—%> kg—

17" [2],(C3q* ! + C3q2~1) + C5(C1g°+3 + Cog™®"2) k
Cig°ts — Chg™=3 2

This yields for u(s + 1,n) — v(s,n + 1) the expression

= ﬂaz s An (0)] 2" x1(s G5 a' +5(0)—
= [ Bans 1+ o 0] [T )+ 2= 15" +5°0
(B G | Gen0=C ),

Ciqts — Coq™*3 Ciqts — Coq™* 2

(Gt ot ) o]+ gy e el 1)
2 \Ci¢¥ 2 —Cq=*2 n+1]; 754

Aopy2 s s [n + 1],7(0)
2n + 2, Ci1q° +Coq™ % + C3 Py +
[+ 2y (0) . T()Az(s — 5)
e LU (Tl LR Dl v e

~11

Next, we expand Az, (s) and %-[2]z1(s), make some straightforward calculations and use the

identities:
An 70(0) Aonte 7n(0) An Aong2 ) Ta(0)
- 1], ——— = | — 1 __ 9.7 ,
nlg 7 e+l 2n+ 2], T [n], +n 1l 2n+2,) [n + 2]47(0)
Ant1 Toti(s) Aont2 Tnt1(0) Ant1
S L S L v S 2 — 1,7, . ,
n+1]y T [+ 2l [2n+2], 15y [n 4+ 1]y 70 +1(0) + ot 1]qx +1(s)
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as well as

A n n a" 1 1 A
2 oot L O ) = 2] (Cha®TE 4+ Cog 5 2) — 2n+2 Cra® + Cog—)—
[n]q( 19 2+ Ca2q 2) 2[]11( 19772 + C2q 2) [2n+2]q( 14" + C2q )
1 O S !
Aut1 (Cra* = Coq ™y + 37 (C1a™ + Cog ™ H) (g +¢7") = =5 (@™ +¢h)+
C sXI O —8§ ! C e
Tt )+ 2L D ) e T (g g h) =
2(¢7 —q77) 2 2(¢* —q7%)
A n n
SR !
q
we find
__ _an (CLg*t ™3 + Coq ") + CSﬁ —[n+ 2],7,(0) — C36" —5'(0) + lr’Cgk +
[n+1], [n]q ! 2 !

n41

1 An 4l g mtl Aon
57Oy + I+ 117 (0) 4 (C1g™ 4 Caq "5 4 O+ 22 Ca(In 1]~ [n+2],).

[n+1], [2n+2],

Finally, we substitute the expression for 7,,(0) and use the identities

—[n+2[n]y =1+ [0+ 1y[n+1], =0,

~[n+200(a"? +a72) + kg + [ 1y (@D 4+ D) =0,

and the result follows.

References

[1]

[2]

R. Alvarez-Nodarse and J. Arvesid, On the g-polynomials on the exponential lattice z(s) =
c14® + c3. Integral Trans. and Special Funct. 8 (1999), 299-324.

R. Alvarez-Nodarse y J. C. Medem, g—Classical polynomials and the ¢—Askey and
Nikiforov-Uvarov. J. Comput. Appl. Math. (2001), in press.

R. Alvarez-Nodarse and Yu.F. Smirnov, g¢-Dual Hahn polynomials on the non-uniform
lattice x(s) = [s]q[s + 1]; and the g-algebras SU,(1,1) and SU,(2). J. Phys. A. 29 (1996),
1435-1451.

N. M. Atakishiyev, Construction of the dynamical symmetry group of the relativistic
harmonic oscillator by the Infeld-Hull factorization method. In Group Theoretical Methods
in Physics, M. Serdaroglu and E. Inonu. (Eds.). Lecture Notes in Physics, Springer-Verlag,
180, 1983, 393-396. Ibid. Theor. Math. Phys. 56 (1984), 563-572.

R. Askey and S. K. Suslov, The ¢g-harmonic oscillator and the Al-Salam and Carlitz poly-
nomials. Lett. Math. Phys. 29 (1993), 123-132.

N. M. Atakishiyev and B. Wolf, Approximation on a finite set of points through Kravchuk
functions. Rev. Mex. Fis. 40 (1994), 1055-1062.

N. M.Atakishiyev, M. Rahman, and S. K. Suslov, On Classical Orthogonal Polynomials.
Constructive Approz. 11 (1995), 181-226.

N. M. Atakishiyev and S. K. Suslov, Difference analogs of the harmonic oscillator. Theoret.
and Math. Phys. 85 (1991), 442-444.

N. M. Atakishiyev and S. K. Suslov, A realization of the g-harmonic oscillator. Theoret.
and Math. Phys. 87 (1991), 1055-1062.

19



[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

N. M. Atakishiyev, A. Frank, and K. B. Wolf, A simple difference realization of the Heisen-
berg g-algebra. J. Math. Phys. 35 (1994), 3253-3260.

G. Bangerezako, Discrete Darboux transformation for discrete polynomials of hypergeo-
metric type. J. Phys A: Math. Gen. 31 (1998), 2191-2196.

G. Bangerezako, The factorization method for the Askey—Wilson polynomials. J. Comput.
Appl. Math. 107 (1999), 219-232.

L. C. Biedenharn, The quantum group SU,(2) and a g-analogue of the boson operators.
J. Phys. A. 22 (1989), L873-1878.

G. Darboux, Théorie des Surfaces. vol II (Paris, Gauthier-Villars).

G. Gasper and M. Rahman, Basic Hypergeometric Series. Cambridge University Press,
1990.

L. Infeld and T. E. Hull, The factorization method. Rev. Modern Physics 23 (1951), 21-68.

R. Koekoek and R.. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polyno-
mials and its q-analogue. Reports of the Faculty of Technical Mathematics and Informatics
No. 98-17. Delft University of Technology, Delft, 1998.

M. Lorente, Raising and lowering operators, factorization method and differen-
tial/difference operators of hypergeometric type. Preprint 2000.

A. J. Macfarlane, On g-analogues of the quantum harmonic oscillator and the quantum
group SU,(2). J. Phys. A. 22 (1989), 4581-4588.

W. Miller (Jr.), Lie theory and difference equations. I. J. Math. Anal. Appl. 28 (1969),
383-399.

W. Miller (Jr.), Lie theory and g-difference equations. SIAM J. Math. Anal. 1 (1970),
171-188.

Sh. M. Nagiyev, Difference Schriédinger equation and g-oscillator model, Theoret. and
Math. Phys. 102 (1995), 180-187.

A. F. Nikiforov, S. K. Suslov, and V. B. Uvarov, Classical Orthogonal Polynomials of
a Discrete Variable. Springer Series in Computational Physics. Springer-Verlag, Berlin,
1991.

A. F. Nikiforov and V. B. Uvarov, Polynomial Solutions of hypergeometric type difference
equations and their classification. Integral Transforms and Special Functions. 1 (1993),
223-249.

E. Schrédinger, A method of determining quantum-mechanical eigenvalues and eigenfunc-
tions. Proc. Roy. Irish. Acad. 46A (1940), 9-16.

E. Schrédinger, The factorization of the hypergeometric equation. Proc. Roy. Irish. Acad.
47A (1941), 53-54.

Yu. F. Smirnov, On factorization and algebraization of difference equation of hyperge-
ometric type. In Proc. Internat. Workshop on Orthogonal Polynomials in Mathematical
Physics, M. Alfaro et al. Eds. Servicio de Publicaciones de la Universidad Carlos IIT de
Madrid, (1997) 153-161.

Yu. F. Smirnov, Finite difference equations and factorization method. In Proc. 5th Wigner
Symposium, P. Kasperkovitz and D. Grau Eds. World Scientific (1998) 148-150.

Yu. F. Smirnov, Factorization method: New aspects. Rev. Mez. Fis. 45 (1999), 1-6.

20



[30] V. Spiridonov, L. Vinet, A. Zhedanov, Difference Schrodinger operators with linear and
exponential discrete spectra. Lett. Math. Phys. 29 (1993), 63—-73.

[31] N. Ja. Vilenkin and A.U. Klimyk, Representations of Lie Groups and Special Functions.
Vol. LILIII. Kluwer Academic Publishers. Dordrecht, 1992.

21



